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Probability Concepts in Least Squares

The excitement that a gambler feels when making a bet is equal to the
amount he might win times the probability of winning it.

—Pascal, Blaise

The intuitively reasonable principle of least squares was put forth in §1.2 and em-
ployed as the starting point for all developments of Chapter 1. In the present

chapter, several alternative paths are followed to essentially the same mathematical
conclusions as Chapter 1. The primary function of the present chapter is to place the
results of Chapter 1 upon a more rigorous (or at least a better understood) founda-
tion. A number of new and computationally most useful extensions of the estimation
results of Chapter 1 come from the developments shown herein. In particular, min-
imal variance estimation and maximum likelihood estimation will be explored, and
a connection to the least squares problem will be shown. Using these estimation
techniques, the elusive weight matrix will be rigorously identified as the inverse of
the measurement-error covariance matrix, and some most important nonuniqueness
properties developed in §2.8.1. Methods for rigorously accounting for a priori pa-
rameter estimates and their uncertainty will also be developed. Finally, many other
useful concepts will be explored, including unbiased estimates and the Cramér-Rao
inequality; other advanced topics such as Bayesian estimation, analysis of covariance
errors, and ridge estimation are introduced as well. These concepts are useful for the
analysis of least squares estimation by incorporating probabilistic approaches.

Familiarity with basic concepts in probability is necessary for comprehension of
the material in the present chapter. Should the reader anticipate or encounter diffi-
culty in the following developments, Appendix C provides an adequate review of the
concepts needed herein.

2.1 Minimum Variance Estimation

Here we introduce one of the most important and useful concepts in estimation.
Minimum variance estimation can give the “best way” (in a probabilistic sense) to
find the optimal estimates. First, a minimum variance estimator is derived without a
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64 Optimal Estimation of Dynamic Systems

priori estimates. Then, these results are extended to the case where a priori estimates
are given.

2.1.1 Estimation without a priori State Estimates

As in Chapter 1, we assume a linear observation model

(m×1)
ỹ =

(m×n)
H

(n×1)
x +

(m×1)
v (2.1)

We desire to estimate x as a linear combination of the measurements ỹ as

(n×1)
x̂ =

(n×m)
M

(m×1)
ỹ +

(n×1)
n (2.2)

An “optimum” choice of the quantities M and n is sought. The minimum variance
definition of “optimum” M and n is that the variance of all n estimates, x̂i, from their
respective “true” values is minimized:∗

Ji =
1
2

E
{

(x̂i− xi)2
}

, i = 1, 2, . . . , n (2.3)

This clearly requires n minimizations depending upon the same M and n; it may not
be clear at this point that the problem is well-defined and whether or not M and n
exist (or can be found if they do exist) to accomplish these n minimizations.

If the linear model (2.1) is strictly valid, then, for the special case of perfect mea-
surements v = 0 the model (2.1) should be exactly satisfied by the perfect measure-
ments y and the true state x as

ỹ≡ y = Hx (2.4)

An obvious requirement upon the desired estimator (2.2) is that perfect measure-
ments should result (if a solution is possible) when x̂ = x = true state. Thus, this
requirement can be written by substituting x̂ = x and ỹ = Hx into Equation (2.2) as

x = MHx + n (2.5)

We conclude that M and n satisfy the constraints

n = 0 (2.6)

and

MH = I (2.7a)

HT MT = I (2.7b)

Equation (2.6) is certainly useful information! The desired estimator then has the
form

x̂ = Mỹ (2.8)
∗E{ } denotes “expected value” of { }; see Appendix C.
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Probability Concepts in Least Squares 65

We are now concerned with determining the optimum choice of M which accom-
plishes the n minimizations of (2.3), subject to the constraint (2.7).

Subsequent manipulations will be greatly facilitated by partitioning the various
matrices as follows: The unknown M-matrix is partitioned by rows as

M =

⎡

⎢
⎢
⎢
⎣

M1

M2
...

Mn

⎤

⎥
⎥
⎥
⎦

, Mi ≡ {Mi1 Mi2 · · ·Mim} (2.9)

or
MT =

[
MT

1 MT
2 · · · MT

n

]
(2.10)

The identity matrix can be partitioned by rows and columns as

I =

⎡

⎢⎢
⎢
⎣

Ir
1

Ir
2
...
Ir
n

⎤

⎥⎥
⎥
⎦

=
[
Ic
1 Ic

2 · · · Ic
n

]
, note Ir

i = (Ic
i )

T (2.11)

The constraint in Equation (2.7) can now be written as

HT MT
i = Ic

i , i = 1, 2, . . . , n (2.12a)

MiH = Ir
i , i = 1, 2, . . . , n (2.12b)

and the ith element of x̂ from Equation (2.8) can be written as

x̂i = Miỹ, i = 1, 2, . . . , n (2.13)

A glance at Equation (2.13) reveals that x̂i depends only upon the elements of M
contained in the ith row. A similar statement holds for the constraint equations (2.12);
the elements of the ith row are independently constrained. This “uncoupled” nature
of Equations (2.12) and (2.13) is the key feature which allows one to carry out the n
“separate” minimizations of Equation (2.3).

The ith variance (2.3) to be minimized, upon substituting Equation (2.13), can be
written as

Ji =
1
2

E
{
(Miỹ− xi)

2
}

, i = 1, 2, . . . , n (2.14)

Substituting the observation from Equation (2.1) into Equation (2.14) yields

Ji =
1
2

E
{
(MiHx + Miv− xi)2

}
, i = 1, 2, . . . , n (2.15)

Incorporating the constraint equations from Equation (2.12) into Equation (2.15)
yields

Ji =
1
2

E
{

(Ir
i x + Miv− xi)2

}
, i = 1, 2, . . . , n (2.16)
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66 Optimal Estimation of Dynamic Systems

But Ir
i x = xi, so that Equation (2.16) reduces to

Ji =
1
2

E
{

(Miv)2
}

, i = 1, 2, . . . , n (2.17)

which can be rewritten as

Ji =
1
2

E
{

Mi
(
vvT)MT

i

}
, i = 1, 2, . . . , n (2.18)

But the only random variable on the right-hand side of Equation (2.18) is v; intro-
ducing the covariance matrix of measurement errors (assuming that v has zero mean,
i.e., E {v}= 0),

cov{v} ≡ R = E
{

vvT} (2.19)

then Equation (2.18) reduces to

Ji =
1
2

MiRMT
i , i = 1, 2, . . . , n (2.20)

The ith constrained minimization problem can now be stated as: Minimize each of
equations (2.20) subject to the corresponding constraint in Equation (2.12). Using
the method of Lagrange multipliers (Appendix D), the ith augmented function is
introduced as

Ji =
1
2

MiRMT
i +λT

i

(
Ic
i −HT MT

i

)
, i = 1, 2, . . . , n (2.21)

where
λT

i = {λ1i , λ2i , . . . ,λni} (2.22)

are n vectors of Lagrange multipliers.
The necessary conditions for Equation (2.21) to be minimized are then

∇MT
i

Ji = RMT
i −Hλi = 0, i = 1, 2, . . . , n (2.23)

∇λi Ji = Ic
i −HT MT

i = 0, or MiH = Ir
i , i = 1, 2, . . . , n (2.24)

From Equation (2.23), we obtain

Mi = λT
i HT R−1, i = 1, 2, . . . , n (2.25)

Substituting Equation (2.25) into the second equation of Equation (2.24) yields

λT
i = Ir

i

(
HT R−1H

)−1
(2.26)

Therefore, substituting Equation (2.26) into Equation (2.25), the n rows of M are
given by

Mi = Ir
i

(
HT R−1H

)−1
HT R−1, i = 1, 2, . . . , n (2.27)

It then follows that
M =

(
HT R−1H

)−1
HT R−1 (2.28)
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Probability Concepts in Least Squares 67

and the desired estimator (2.8) then has the final form

x̂ =
(
HT R−1H

)−1
HT R−1ỹ (2.29)

which is referred to as the Gauss-Markov Theorem.
The minimal variance estimator (2.29) is identical to the least squares estimator

(1.30), provided that the weight matrix is identified as the inverse of the observation
error covariance. Also, the “sequential least squares estimation” results of §1.3 are
seen to embody a special case “sequential minimal variance estimation”; it is simply
necessary to employ R−1 as W in the sequential least squares formulation, but we
still require R−1 to have the block diagonal structure assumed for W .

The previous derivation can also be shown in compact form, but requires using
vector matrix differentiation. This is shown for completeness. We will see in §2.2
that the condition MH = I gives an unbiased estimate of x. Let us first define the
error covariance matrix for an unbiased estimator, given by (see Appendix C for
details)

P = E
{
(x̂−x)(x̂−x)T} (2.30)

We wish to determine M that minimizes Equation (2.30) in some way. We will choose
to minimize the trace of P since this is a common choice and intuitively makes sense.
Therefore, applying this choice with the constraint MH = I gives the following loss
function to be minimized:

J =
1
2

Tr
[
E
{
(x̂−x)(x̂−x)T}]+ Tr [Λ(I−MH)] (2.31)

where Tr denotes the trace operator, and Λ is an n×n matrix of Lagrange multipliers.
We can also make use of the parallel axis theorem1† for an unbiased estimate (i.e.,
MH = I), which states that

E
{
(x̂−x)(x̂−x)T}= E

{
x̂ x̂T}−E {x}E {x}T (2.32)

Substituting Equation (2.1) into Equation (2.8) leads to

x̂ = Mỹ

= MHx + Mv
(2.33)

Next, taking the expectation of both sides of Equation (2.33) and using E {v} = 0
gives (note, x on the right-hand side of Equation (2.33) is treated as a deterministic
quantity)

E {x̂}= MHx (2.34)

In a similar fashion, using E{vvT}= R and E{v}= 0, we obtain

E
{

x̂ x̂T}= MHxxT HT MT + MRMT (2.35)

†This terminology is actually more commonly used in analytical dynamics to determine the moment
of inertia about some arbitrary axis, related by a parallel axis through the center of mass.2, 3 However,
in statistics the form of the equation is identical when taking second moments about an arbitrary random
variable.
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68 Optimal Estimation of Dynamic Systems

Therefore, the loss function in Equation (2.31) becomes

J =
1
2

Tr(MRMT )+ Tr [Λ(I−MH)] (2.36)

Next, we will make use of the following useful trace identities (see Appendix B):

∂
∂A

Tr(BAC) = BTCT (2.37a)

∂
∂A

Tr(ABAT ) = A(B + BT ) (2.37b)

Thus, we have the following necessary conditions:

∇MJ = MR−ΛT HT = 0 (2.38)

∇ΛJ = I−MH = 0 (2.39)

Solving Equation (2.38) for M yields

M = ΛT HT R−1 (2.40)

Substituting Equation (2.40) into Equation (2.39), and solving for ΛT gives

ΛT = (HT R−1H)−1 (2.41)

Finally, substituting Equation (2.41) into Equation (2.40) yields

M = (HT R−1H)−1HT R−1 (2.42)

This is identical to the solution given by Equation (2.28).

2.1.2 Estimation with a priori State Estimates

The preceding results will now be extended to allow rigorous incorporation of a
priori estimates, x̂a, of the state and associated a priori error covariance matrix Q.
We again assume the linear observation model

ỹ = Hx + v (2.43)

and associated (assumed known) measurement error covariance matrix

R = E
{

vvT} (2.44)

Suppose that the variable x is also unknown (i.e., it is now treated as a random
variable). The a priori state estimates are given as the sum of the true state x and the
errors in the a priori estimates w, so that

x̂a = x + w (2.45)
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Probability Concepts in Least Squares 69

with associated (assumed known) a priori error covariance matrix

cov{w} ≡ Q = E
{

wwT} (2.46)

where we assume that w has zero mean. We also assume that the measurement errors
and a priori errors are uncorrelated so that E

{
wvT

}
= 0.

We desire to estimate x as a linear combination of the measurements ỹ and a priori
state estimates x̂a as

x̂ = Mỹ + Nx̂a + n (2.47)

An “optimum” choice of the M (n×m), N (n×n), and n (n×1) matrices is desired.
As before, we adopt the minimal variance definition of “optimum” to determine M,
N, and n for which the variances of all n estimates, x̂i, from their respective true
values, xi, are minimized:

Ji =
1
2

E
{

(x̂i− xi)
2
}

, i = 1, 2, . . . , n (2.48)

If the linear model (2.43) is strictly valid, then for the special case of perfect mea-
surements (v = 0), the measurements y and the true state x should satisfy Equa-
tion (2.43) exactly as

y = Hx (2.49)

If, in addition, the a priori state estimates are also perfect (x̂a = x, w = 0), an obvious
requirement upon the estimator in Equation (2.47) is that it yields the true state as

x = MHx + Nx + n (2.50)

or
x = (MH + N)x + n (2.51)

Equation (2.51) indicates that M, N, and n must satisfy the constraints

n = 0 (2.52)

and
MH + N = I or HT MT + NT = I (2.53)

Because of Equation (2.52), the desired estimator (2.47) has the form

x̂ = Mỹ + Nx̂a (2.54)

It is useful in subsequent developments to partition M, N, and I as

M =

⎡

⎢
⎢⎢
⎣

M1

M2
...

Mn

⎤

⎥
⎥⎥
⎦

, MT =
[
MT

1 MT
2 · · · MT

n

]
(2.55)
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70 Optimal Estimation of Dynamic Systems

N =

⎡

⎢⎢
⎢
⎣

N1

N2
...

Nn

⎤

⎥⎥
⎥
⎦

, NT =
[
NT

1 NT
2 · · · NT

n

]
(2.56)

and

I =

⎡

⎢
⎢
⎢
⎣

Ir
1

Ir
2
...
Ir
n

⎤

⎥
⎥
⎥
⎦

=
[
Ic
1 Ic

2 · · · Ic
n

]
, Ir

i = (Ic
i )

T (2.57)

Using Equations (2.55), (2.56), and (2.57), the constraint equation (2.53) can be writ-
ten as n independent constraints as

HT MT
i + NT

i = Ic
i , i = 1, 2, . . . , n (2.58a)

MiH + Ni = Ir
i , i = 1, 2, . . . , n (2.58b)

The ith element of x̂, from Equation (2.54), is

x̂i = Miỹ+ Nix̂a, i = 1, 2, . . . , n (2.59)

Note that both Equations (2.58) and (2.59) depend only upon the elements of the ith

row, Mi, of M and the ith row, Ni, of N. Thus, the ith variance (2.48) to be minimized
is a function of the same n + m unknowns (the elements of Mi and Ni) as is the ith

constraint, Equation (2.58a) or Equation (2.58b).
Substituting Equation (2.59) into Equation (2.48) yields

Ji =
1
2

E
{

(Miỹ+ Nix̂a− xi)2
}

, i = 1, 2, . . . , n (2.60)

Substituting Equations (2.43) and (2.45) into Equation (2.60) yields

Ji =
1
2

E
{
[(MiH + Ni)x + Miv + Niw− xi]

2
}

, i = 1, 2, . . . , n (2.61)

Making use of Equation (2.58a), Equation (2.61) becomes

Ji =
1
2

E
{

(Ir
i x + Miv + Niw− xi)

2
}

, i = 1, 2, . . . , n (2.62)

Since Ir
i x = xi, Equation (2.62) reduces to

Ji =
1
2

E
{

(Miv + Niw)2
}

, i = 1, 2, . . . , n (2.63)

or

Ji =
1
2

E
{
(Miv)2 + 2(Miv)(Niw)+ (Niw)2

}
, i = 1, 2, . . . , n (2.64)
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Probability Concepts in Least Squares 71

which can be written as

Ji =
1
2

E
{

Mi
(
vvT)MT

i + 2Mi
(
vwT)NT

i

+ Ni
(
wwT )NT

i

}
, i = 1, 2, . . . , n

(2.65)

Therefore, using the defined covariances in Equations (2.44) and (2.46), and since we
have assumed that E

{
vwT

}
= 0 (i.e., the errors are uncorrelated), Equation (2.65)

becomes

Ji =
1
2

[
MiRMT

i + NiQNT
i

]
, i = 1, 2, . . . , n (2.66)

The ith minimization problem can then be restated as: Determine the Mi and Ni to
minimize the ith equation (2.66) subject to the constraint equation (2.53).

Using the method of Lagrange multipliers (Appendix D), the augmented functions
are defined as

Ji =
1
2

[
MiRMT

i + NiQNT
i

]

+λT
i

(
Ic
i −HT MT

i −NT
i

)
, i = 1, 2, . . . , n

(2.67)

where
λT

i = {λ1i , λ2i , . . . ,λni} (2.68)

is the ith matrix of n Lagrange multipliers.
The necessary conditions for a minimum of Equation (2.67) are

∇MT
i

Ji = RMT
i −Hλi = 0, i = 1, 2, . . . , n (2.69)

∇NT
i

Ji = QNT
i −λi = 0, i = 1, 2, . . . , n (2.70)

and
∇λi Ji = Ic

i −HT MT
i −NT

i = 0, i = 1, 2, . . . , n (2.71)

From Equations (2.69) and (2.70), we obtain

Mi = λT
i HT R−1, MT

i = R−1Hλi, i = 1, 2, . . . , n (2.72)

and
Ni = λT

i Q−1, NT
i = Q−1λi, i = 1, 2, . . . , n (2.73)

Substituting Equations (2.72) and (2.73) into (2.71) allows immediate solution for
λT

i as

λT
i = Ir

i

(
HT R−1H + Q−1)−1

, i = 1, 2, . . . , n (2.74)

Then, substituting Equation (2.74) into Equations (2.72) and (2.73), the rows of M
and N are

Mi = Ir
i

(
HT R−1H + Q−1)−1

HT R−1, i = 1, 2, . . . , n (2.75)

Ni = Ir
i

(
HT R−1H + Q−1)−1

Q−1, i = 1, 2, . . . , n (2.76)
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72 Optimal Estimation of Dynamic Systems

Therefore, the M and N matrices are

M =
(
HT R−1H + Q−1)−1

HT R−1 (2.77)

N =
(
HT R−1H + Q−1)−1

Q−1 (2.78)

Finally, substituting Equations (2.77) and (2.78) into Equation (2.54) yields the min-
imum variance estimator

x̂ =
(
HT R−1H + Q−1)−1 (

HT R−1ỹ+ Q−1x̂a
)

(2.79)

which allows rigorous processing of a priori state estimates x̂a and associated co-
variance matrices Q.

Notice the following limiting cases:

1. A priori knowledge very poor
(
R finite, Q→ ∞, Q−1→ 0

)

Then Equation (2.79) reduces immediately to the standard minimal variance
estimator (2.29).

2. Measurements very poor

(
Q finite, R−1→ 0

)

Then Equation (2.79) yields x̂ = x̂a, an intuitively pleasing result!

Notice also that Equation (2.79) can be obtained from the sequential least squares
formulation of §1.3 by processing the a priori state information as a subset of the
“observation” as follows: In Equations (1.53) and (1.54) of the sequential estimation
developments:

1. Set ỹ2 = x̂a, H2 = I (note: the dimension of ỹ2 is n in this case), and W1 = R−1

and W2 = Q−1.

2. Ignore the “1” and “2” subscripts.

Then, one immediately obtains Equation (2.79).
We thus conclude that the minimal variance estimate (2.79) is in all respects con-

sistent with the sequential estimation results of §1.3; to start the sequential process,
one would probably employ the a priori estimates as

x̂1 = x̂a

P1 = Q

and process subsequent measurement subsets {ỹk, Hk, Wk} with Wk = R−1 for the
minimal variance estimates of x.
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Probability Concepts in Least Squares 73

As in the case of estimation without a priori estimates, the previous derivation can
also be shown in compact form. The following loss function to be minimized is

J =
1
2

Tr
[
E
{
(x̂−x)(x̂−x)T}]+ Tr [Λ(I−MH−N)] (2.80)

Substituting Equations (2.43) and (2.45) into Equation (2.54) leads to

x̂ = Mỹ+ Nx̂a

= (MH + N)x + Mv + Nw
(2.81)

Next, as before we assume that the true state x and error terms v and w are un-
correlated with each other. Using Equations (2.44) and (2.46) with the uncorrelated
assumption leads to

J =
1
2

Tr(MRMT + NQNT )+ Tr [Λ(I−MH−N)] (2.82)

Therefore, we have the following necessary conditions:

∇MJ = MR−ΛT HT = 0 (2.83)

∇NJ = NQ−ΛT = 0 (2.84)

∇ΛJ = I−MH−N = 0 (2.85)

Solving Equation (2.83) for M yields

M = ΛT HT R−1 (2.86)

Solving Equation (2.84) for N yields

N = ΛT Q−1 (2.87)

Substituting Equations (2.86) and (2.87) into Equation (2.85), and solving for ΛT

gives
ΛT = (HT R−1H + Q−1)−1 (2.88)

Finally, substituting Equation (2.88) into Equations (2.86) and (2.87) yields

M =
(
HT R−1H + Q−1)−1

HT R−1 (2.89)

N =
(
HT R−1H + Q−1)−1

Q−1 (2.90)

This is identical to the solutions given by Equations (2.77) and (2.78).
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74 Optimal Estimation of Dynamic Systems

2.2 Unbiased Estimates

The structure of Equation (2.8) can also be used to prove that the minimal variance
estimator is “unbiased.” An estimator x̂(ỹ) is said to be an “unbiased estimator”
of x if E {x̂(ỹ)} = x for every possible value of x.4‡ If x̂ is biased, the difference
E {x̂(ỹ)}−x is called the “bias” of x̂ = x̂(ỹ). For the minimum variance estimate x̂,
given by Equation (2.29), to be unbiased M must satisfy the following condition:

MH = I (2.91)

The proof of the unbiased condition is given by first substituting Equation (2.1) into
Equation (2.13), leading to

x̂ = Mỹ

= MHx + Mv
(2.92)

Next, taking the expectation of both sides of (2.92) and using E {v}= 0 gives (again
x on the right-hand side of Equation (2.92) is treated as a deterministic quantity)

E {x̂}= MHx (2.93)

which gives the condition in Equation (2.91). Substituting Equation (2.28) into Equa-
tion (2.91) and Equation (2.93) shows that the estimator clearly produces an unbiased
estimate of x̂.

The sequential least squares estimator can also be shown to produce an unbiased
estimate. A more general definition for an unbiased estimator is given by the follow-
ing:

E {x̂k(ỹ)}= x for all k (2.94)

Similar to the batch estimator, it is desired to estimate x̂k+1 as a linear combination
of the previous estimate x̂k and measurements ỹk+1 as

x̂k+1 = Gk+1x̂k + Kk+1ỹk+1 (2.95)

where Gk+1 and Kk+1 are deterministic matrices. To determine the conditions for
an unbiased estimator, we begin by assuming that the (sequential) measurement is
modeled by

ỹk+1 = Hk+1xk+1 + vk+1 (2.96)

Substituting Equation (2.96) into the estimator equation (2.95) gives

x̂k+1 = Gk+1x̂k + Kk+1Hk+1xk+1 + Kk+1vk+1 (2.97)
‡This implies that the estimate is a function of the measurements.
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Probability Concepts in Least Squares 75

Taking the expectation of both sides of Equation (2.97) and using Equation (2.94)
gives the following condition for an unbiased estimate:

Gk+1 = I−Kk+1Hk+1 (2.98)

Substituting Equation (2.98) into Equation (2.95) yields

x̂k+1 = x̂k + Kk+1(ỹk+1−Hk+1x̂k) (2.99)

which clearly has the structure of the sequential estimator in Equation (1.65). There-
fore, the sequential least squares estimator also produces an unbiased estimate. The
case for the unbiased estimator with a priori estimates is left as an exercise for the
reader.

Example 2.1: In this example we will show that the sample variance
in Equation (1.2) produces an unbiased estimate of σ̂2. For random data
{ỹ(t1), ỹ(t2), . . . , ỹ(tm)} the sample variance is given by

σ̂2 =
1

m−1

m

∑
i=1

[ỹ(ti)− μ̂]2

For any random variable z, the variance is given by var{z}= E{z2}−E{z}2, which
is derived from the parallel axis theorem. Defining E{σ̂2} ≡ S2, and applying this to
the sample variance equation with the definition of the sample mean gives

S2 =
1

m−1

⎡

⎣
m

∑
i=1

E
{
[ỹ(ti)]2

}− 1
m

E

⎧
⎨

⎩

[
m

∑
i=1

ỹ(ti)

]2
⎫
⎬

⎭

⎤

⎦

=
1

m−1

⎡

⎣
m

∑
i=1

(
σ2 + μ2)− 1

m

⎧
⎨

⎩
var

[
m

∑
i=1

ỹ(ti)

]

+

[

E

{
m

∑
i=1

ỹ(ti)

}]2
⎫
⎬

⎭

⎤

⎦

=
1

m−1

[
mσ2 + mμ2− 1

m
mσ2− 1

m
m2μ2

]

=
1

m−1

[
mσ2−σ2]

= σ2

Therefore, this estimator is unbiased. However, the sample variance shown in this
example does not give an estimate with the smallest mean square error for Gaussian
(normal) distributions.1
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76 Optimal Estimation of Dynamic Systems

2.3 Cramér-Rao Inequality

This section describes one of the most useful and important concepts in estima-
tion theory. The Cramér-Rao inequality5 can be used to give us a lower bound on
the expected errors between the estimated quantities and the true values from the
known statistical properties of the measurement errors. The theory was proved inde-
pendently by Cramér and Rao, although it was found earlier by Fisher6 for the special
case of a Gaussian distribution. We begin the topic of the Cramér-Rao inequality by
first considering a conditional probability density function (see Appendix C) which
is a function of the measurements and unknown parameters, denoted by p(ỹ|x). The
Cramér-Rao inequality for an unbiased estimate x̂ is given by§

P≡ E
{

(x̂−x)(x̂−x)T
}
≥ F−1 (2.100)

where the Fisher information matrix, F , is given by

F = E

{[
∂
∂x

ln[p(ỹ|x)]
][

∂
∂x

ln[p(ỹ|x)]
]T
}

(2.101)

It can be shown that the Fisher information matrix7 can also be computed using the
Hessian matrix, given by

F =−E

{
∂ 2

∂x∂xT ln[p(ỹ|x)]
}

(2.102)

The first- and second-order partial derivatives are assumed to exist and to be abso-
lutely integrable. A formal proof of the Cramér-Rao inequality requires using the
“conditions of regularity.”1 However, a slightly different approach is taken here. We
begin the proof by using the definition of a probability density function

∫ ∞

−∞

∫ ∞

−∞
· · ·
∫ ∞

−∞
p(ỹ|x) dỹ1 dỹ2 · · · dỹm = 1 (2.103)

In shorthand notation, we write Equation (2.103) as
∫ ∞

−∞
p(ỹ|x) dỹ = 1 (2.104)

Taking the partial of Equation (2.104) with respect to x gives

∂
∂x

∫ ∞

−∞
p(ỹ|x) dỹ =

∫ ∞

−∞

[
∂ p(ỹ|x)

∂x

]
dỹ = 0 (2.105)

§For a definition of what it means for one matrix to be greater than another matrix see Appendix B.
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Probability Concepts in Least Squares 77

Next, since x̂ is assumed to be unbiased, we have

E {x̂−x}=
∫ ∞

−∞
(x̂−x) p(ỹ|x)dỹ = 0 (2.106)

Differentiating both sides of Equation (2.106) with respect to x gives

∫ ∞

−∞
(x̂−x)

[
∂ p(ỹ|x)

∂x

]T

dỹ− I = 0 (2.107)

The identity matrix in Equation (2.107) is obtained since a probability density func-
tion always satisfies Equation (2.104). Next, we use the following logarithmic differ-
entiation rule:8

∂ p(ỹ|x)
∂x

=
[
∂
∂x

ln[p(ỹ|x)]
]

p(ỹ|x) (2.108)

Substituting Equation (2.108) into Equation (2.107) leads to

I =
∫ ∞

−∞
(
abT )dỹ (2.109)

where

a≡ p(ỹ|x)1/2 (x̂−x) (2.110a)

b≡ p(ỹ|x)1/2
[
∂
∂x

ln[p(ỹ|x)]
]

(2.110b)

The error-covariance expression in Equation (2.100) can be rewritten using the defi-
nition in Equation (2.110a) as

P =
∫ ∞

−∞
(
aaT)dỹ (2.111)

Also, the Fisher information matrix can be rewritten as

F =
∫ ∞

−∞
(
bbT )dỹ (2.112)

Now, multiply Equation (2.109) on the left by an arbitrary row vectorαT and on the
right by an arbitrary column vector β, so that

αTβ =
∫ ∞

−∞
αT (abT )βdỹ (2.113)

Next, we make use of the Schwartz inequality (see §B.2), which is given by¶

[∫ ∞

−∞
g(ỹ|x)h(ỹ|x)dỹ

]2

≤
∫ ∞

−∞
g2 (ỹ|x)dỹ

∫ ∞

−∞
h2 (ỹ|x)dỹ (2.114)

¶If
∫ ∞
−∞ a(x)b(x)dx = 1 then

∫ ∞
−∞ a2(x)dx

∫ ∞
−∞ b2(x)dx≥ 1; the equality holds if a(x) = cb(x) where

c is not a function of x.
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78 Optimal Estimation of Dynamic Systems

If we let g(ỹ|x) =αT a and h(ỹ|x) = bTβ, then Equation (2.114) becomes

[∫ ∞

−∞
αT (abT )βdỹ

]2

≤
∫ ∞

−∞
αT (a aT )αdỹ

∫ ∞

−∞
βT (b bT )βdỹ (2.115)

Using the definitions in Equations (2.111) and (2.112) and assuming that α and β
are independent of ỹ gives

(
αTβ

)2 ≤ (αT Pα
)(
βT Fβ

)
(2.116)

Finally, choosing the particular choice β = F−1α gives

αT (P−F−1)α≥ 0 (2.117)

Sinceα is arbitrary then P≥ F−1 (see Appendix B for a definition of this inequality),
which proves the Cramér-Rao inequality.

The Cramér-Rao inequality gives a lower bound on the expected errors. When the
equality in Equation (2.100) is satisfied, then the estimator is said to be efficient. This
can be useful for the investigation of the quality of a particular estimator. Therefore,
the Cramér-Rao inequality is certainly useful information! It should be stressed that
the Cramér-Rao inequality gives a lower bound on the expected errors only for the
case of unbiased estimates.

Let us now turn our attention to the Gauss-Markov Theorem in Equation (2.29).
We will again use the linear observation model from Equation (2.1), but we as-
sume that v has a zero mean Gaussian distribution with covariance given by Equa-
tion (2.19). The conditional probability density function of ỹ given x is needed, which
we know is Gaussian since measurements of a linear system, such as Equation (2.1),
driven by Gaussian noise are also Gaussian (see Appendix C). To determine the mean
of the observation model, the expectation of both sides of Equation (2.1) are taken to
give

μ≡ E {ỹ}= E {Hx}+ E {v} (2.118)

Since both H and x are deterministic quantities and since v has zero mean (so that
E {v}= 0), Equation (2.118) reduces to

μ= Hx (2.119)

Next, we determine the covariance of the observation model, which is given by

cov{ỹ} ≡ E
{
(ỹ−μ)(ỹ−μ)T

}
(2.120)

Substituting Equations (2.1) and (2.119) into (2.120) gives

cov{ỹ}= R (2.121)

In shorthand notation it is common to use ỹ ∼N (μ,R) to represent a Gaussian
(normal) noise process with mean μ and covariance R. Next, from Appendix C,
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Probability Concepts in Least Squares 79

we use the multidimensional or multivariate normal distribution for the conditional
density function, and from Equations (2.119) and (2.121) we have

p(ỹ|x) =
1

(2π)m/2 [det(R)]1/2 exp

{
−1

2
[ỹ−Hx]T R−1 [ỹ−Hx]

}
(2.122)

The natural log of p(ỹ|x) from Equation (2.122) is given by

ln [p(ỹ|x)] =−1
2

[ỹ−Hx]T R−1 [ỹ−Hx]− m
2

ln(2π)− 1
2

ln [det(R)] (2.123)

We can ignore the last two terms of the right-hand side of Equation (2.123) since
they are independent of x. Therefore, the Fisher information matrix using Equa-
tion (2.102) is found to be given by

F = (HT R−1H) (2.124)

Hence, the Cramér-Rao inequality is given by

P≥ (HT R−1H)−1 (2.125)

Let us now find an expression for the estimate covariance P. Using Equations (2.29)
and (2.1) leads to

x̂−x = (HT R−1H)−1HT R−1v (2.126)

Using E{vvT}= R leads to the following estimate covariance:

P = (HT R−1H)−1 (2.127)

Therefore, the equality in Equation (2.125) is satisfied, so the least squares estimate
from the Gauss-Markov Theorem is the most efficient possible estimate!

Example 2.2: In this example we will show how the covariance expression in Equa-
tion (2.127) can be used to provide boundaries on the expected errors. For this ex-
ample a set of 1001 measurement points sampled at 0.01-second intervals was taken
using the following observation model:

y(t) = cos(t)+ 2sin(t)+ cos(2t)+ 2sin(3t)+ v(t)

where v(t) is a zero-mean Gaussian noise process with variance given by R = 0.01.
The least squares estimator from Equation (2.29) was used to estimate the coeffi-
cients of the transcendental functions. In this example the basis functions used in the
estimator are equivalent to the functions in the observation model. Estimates were
found from 1000 trial runs using a different random number seed between runs.
Statistical conclusions can be made if the least squares solution is performed many
times using different measurement sets. This approach is known as Monte Carlo sim-
ulation. A plot of the actual errors for each estimate and associated 3σ boundaries
(found from taking the square root of the diagonal elements of P and multiplying the
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Figure 2.1: Estimate Errors and 3σ Boundaries

result by 3) is shown in Figure 2.1. From probability theory, for a Gaussian distri-
bution, there is a 0.9389 probability that the estimate error will be inside of the 3σ
boundary. We see that the estimate errors in Figure 2.1 agree with this assessment,
since for 1000 trial runs we expect about 3 estimates to be outside of the 3σ bound-
ary. This example clearly shows the power of the estimate covariance and Cramér-
Rao lower bound. It is important to note that in this example the estimate covariance,
P, can be computed without any measurement information, since it only depends on
H and R. This powerful tool allows one to use probabilistic concepts to compute
estimate error boundaries, and subsequently analyze the expected performance in a
dynamic system. This is demonstrated further in Chapter 6.

Example 2.3: In this example we will show the usefulness of the Cramér-Rao in-
equality for parameter estimation. Suppose we wish to estimate a nonlinear appear-
ing parameter, a > 0, of the following exponential model:

ỹk = Beatk + vk, k = 1, 2 . . . , m

where vk is a zero-mean Gaussian white-noise process with variance given by σ2. We
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Probability Concepts in Least Squares 81

can choose to employ nonlinear least squares to iteratively determine the parameter
a, given measurements yk and a known B > 0 coefficient. If this approach is taken,
then the covariance of the estimate error is given by

P = σ2(HT H)−1

where
H =

[
Bt1 eat1 Bt2 eat2 · · · Btm eatm

]T

The matrix P is also equivalent to the Cramér-Rao lower bound. Suppose instead we
wish to simplify the estimation process by defining z̃k ≡ ln ỹk, using the change of
variables approach shown in Table 1.1. Then, linear squares can be applied to deter-
mine a. But how optimal is this solution? It is desired to study the effects of applying
this linear approach because the logarithmic function also affects the Gaussian noise.
Expanding z̃k in a first-order series gives

ln ỹk− lnB≈ atk +
2vk

2Beatk + vk

The linear least squares “H matrix,” denoted by H , is now simply given by

H =
[
t1 t2 · · · tm

]T

However, the new measurement noise will certainly not be Gaussian anymore. We
now use the binomial series expansion:

(a + x)n = an + na−1x +
n(n−1)

2!
an−2x2

+
n(n−1)(n−2)

3!
an−3x3 + · · · , x2 < a2

A first-order expansion using the binomial series of the new measurement noise is
given by

εk ≡ 2vk(2Beatk + vk)−1 ≈ vk

Beatk

(
1− vk

2Beatk

)

The variance of εk, denoted by ς2
k , is derived from

ς2
k = E{ε2

k }−E{εk}2

= E

{(
vk

Beatk
− v2

k

2B2e2atk

)2
}

− σ4

4B2e4atk

This leads to (which is left as an exercise for the reader)

ς2
k =

σ2

B2e2atk
+

σ4

2B4e4atk

Note that εk contains both Gaussian and χ2 components (see Appendix C). There-
fore, the covariance of the linear approach, denoted by P , is given by

P =
(
H T diag

[
ς−2

1 ς−2
2 · · · ς−2

m

]
H
)−1

© 2012 by Taylor & Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

U
ta

h 
St

at
e 

U
ni

ve
rs

ity
] 

at
 2

3:
07

 0
3 

D
ec

em
be

r 
20

13
 



82 Optimal Estimation of Dynamic Systems

Notice that P is equivalent to P if σ4/(2B4e4atk) is negligible. If this is not the
case, then the Cramér-Rao lower bound is not achieved and the linear approach does
not lead to an efficient estimator. This clearly shows how the Cramér-Rao inequality
can be particularly useful to help quantify the errors introduced by using an approx-
imate solution instead of the optimal approach. A more practical application of the
usefulness of the Cramér-Rao lower bound is given in Ref. [9] and exercise 6.15.

2.4 Constrained Least Squares Covariance

The estimate covariance of the constrained least squares solution of §1.2.3 can also
be derived in a similar manner as Equation (2.127).10 The constrained least squares
solution is summarized here:

x̂ = x̄+ K(ỹ2−H2x̄) (2.128a)

K = (HT
1 R−1H1)−1HT

2

[
H2(HT

1 R−1H1)−1HT
2

]−1
(2.128b)

x̄ = (HT
1 R−1H1)−1HT

1 R−1ỹ1 (2.128c)

where W1 has been replaced with R−1, which is the inverse of the covariance of the
measurement noise associated with ỹ1. The estimate covariance associated with x̄ is

P̄≡ E
{
(x̄−x)(x̄−x)T}= (HT

1 R−1H1)−1 (2.129)

Subtracting x from both sides of Equation (2.128a) and adding the constraint ỹ2−
H2x = 0 to part of the resulting equation yields

x̂−x = x̄−x + K([ỹ2−H2x̄− (ỹ2−H2x)]
= x̄−x−KH2(x̄−x)
= (I−KH2)(x̄−x)

(2.130)

Therefore, the covariance of the constrained least squares estimate is given by

P≡ E
{
(x̂−x)(x̂−x)T}= (I−KH2)P̄(I−KH2)T (2.131)

Using the fact that P̄HT
2 KT = KH2P̄HT

2 KT simplifies Equation (2.131) to

P = (I−KH2)P̄ (2.132)

Note that Equation (2.131) may be preferred over Equation (2.132) due to roundoff
errors, which may cause one or more eigenvalues of a small P in Equation (2.132)
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Figure 2.2: Estimate Errors and 3σ Boundaries

to become negative (making P either indefinite or negative definite). This is further
discussed in §3.3.2.

Example 2.4: This example computes the covariance of the constrained least
squares problem of case 3 shown in example 1.4. In this current example the term
−0.4et

/
1×104 is not added. A total number of 1,000 Monte Carlo runs are executed

and the estimate covariance is computed using Equation (2.131) because numerical
errors arise using Equation (2.132). Plots of the simulated measurements for one run
and estimate errors along with their respective 3σ boundaries are shown in Figure
2.2. This example clearly shows that the computed 3σ boundaries do indeed provide
accurate bounds for the estimate errors.
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84 Optimal Estimation of Dynamic Systems

2.5 Maximum Likelihood Estimation

We have seen that minimum variance estimation provides a powerful method to
determine least squares estimates through rigorous proof of the relationship between
the weight matrix and measurement-error covariance matrix. In this section another
powerful method, known as maximum likelihood estimation, is shown. This method
was first introduced by R.A. Fisher, a geneticist and statistician, in the 1920s. Max-
imum likelihood yields estimates for the unknown quantities which maximize the
probability of obtaining the observed set of data. Although fundamentally different
from minimum variance, we will show that under the assumption of the zero-mean
Gaussian noise measurement-error process, both maximum likelihood and minimum
variance estimation yield the same exact results for the least squares estimates.

We also mention that Gauss was aware of the fact that his least square estima-
tion with R−1 as weight matrix provided the most probable estimate for the case of
Gaussian noise.

For motivational purposes, let ỹ be a random sample from a simple Gaussian dis-
tribution, conditioned on some unknown parameter set denoted by x. The density
function is given by (see Appendix C)

p(ỹ|x) =
(

1
2πσ2

)m/2
e

[
− m

∑
i=1

(ỹi−μ)2
/
(2σ2)

]

(2.133)

Clearly, the Gaussian distribution is a monotonic exponential function for the mean
(μ) and variance (σ2). Due to the monotonic aspect of the function, this fit can be
accomplished by also taking the natural logarithm of Equation (2.133), which yields

ln [p(ỹ|x)] =−m
2

ln
(
2πσ2)− 1

2σ2

m

∑
i=1

(ỹi− μ)2 (2.134)

Now the fit leads immediately to an equivalent quadratic optimization problem to
maximize the function in Equation (2.134). This leads to the concept of maximum
likelihood estimation, which is stated as follows. Given a measurement ỹ, the max-
imum likelihood estimate x̂ is the value of x which maximizes p(ỹ|x), which is the
likelihood that x resulted in the measured ỹ.

The likelihood function L(ỹ|x) is also a probability density function, given by

L(ỹ|x) =
q

∏
i=1

p(ỹi|x) (2.135)

where q is the total number of density functions (a product of a number of density
functions, known as a joint density, is also a density function in itself). Note that the
distributions used in Equation (2.135) are the same, but the measurements belong to a
different sample drawn from the conditional density. The goal of the method of max-
imum likelihood is to choose as our estimate of the unknown parameters x that value
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Probability Concepts in Least Squares 85

for which the probability of obtaining the observations ỹ is maximized. Many like-
lihood functions contain exponential terms, which can complicate the mathematics
involved in obtaining a solution. However, since ln [L(ỹ|x)] is a monotonic function
of L(ỹ|x), finding x to maximize ln [L(ỹ|x)] is equivalent to maximizing L(ỹ|x).‖ It
follows that for a maximum we have the following:

necessary condition
{

∂
∂x

ln [L(ỹ|x)]
}∣∣
∣∣
x̂
= 0 (2.136)

sufficient condition

∂ 2

∂x∂xT ln [L(ỹ|x)] must be negative definite. (2.137)

Equation (2.136) is often called the likelihood equation.11, 12 Let us demonstrate this
method by a few simple examples.

Example 2.5: Let ỹ be a random sample from a Gaussian distribution. We desire to
determine estimates for the mean (μ) and variance (σ2), so that xT =

[
μ σ2

]T
. For

this case the likelihood function is given by Equation (2.133):

L(ỹ|x) =
(

1
2πσ2

)m/2
e

[
−

m
∑

i=1
(ỹi−μ)2

/
(2σ2)

]

The log likelihood function is given by

ln [L(ỹ|x)] =−m
2

ln
(
2πσ2)− 1

2σ2

m

∑
i=1

(ỹi− μ)2

The necessary condition for a minimum of the log likelihood function is the simul-
taneous vanishing of the partials with respect to μ and σ2:

{
∂
∂μ

ln [L(ỹ|x̂)]
}∣∣
∣
∣
μ̂, σ̂2

=
1
σ̂2

m

∑
i=1

(ỹi− μ̂) = 0

{
∂

∂σ2 ln [L(ỹ|x̂)]
}∣∣
∣∣
μ̂, σ̂2

=− m
2σ̂2 +

1
2σ̂4

m

∑
i=1

(ỹi− μ̂)2 = 0

which can be immediately solved for the maximum likelihood estimates of the mean
and variance, μ and σ2, as the statistical sample variance:

μ̂ =
1
m

m

∑
i=1

ỹi, σ̂2 =
1
m

m

∑
i=1

(ỹi− μ̂)2

‖Also, taking the natural logarithm changes a product to a sum, which often simplifies the problem
to be solved.

© 2012 by Taylor & Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

U
ta

h 
St

at
e 

U
ni

ve
rs

ity
] 

at
 2

3:
07

 0
3 

D
ec

em
be

r 
20

13
 



86 Optimal Estimation of Dynamic Systems

It is easy to show that this estimate for σ2 is biased, whereas the estimate shown
in example 2.1 is unbiased. Thus, two different principles of estimation (unbiased
estimator and maximum likelihood) give two different estimators.

Example 2.6: An advantage of using maximum likelihood is that we are not limited
to Gaussian distributions. For example, suppose we wish to determine the probability
of obtaining a certain number of heads in multiple flips of a coin. We are given
ỹ “successes” in n trials, and wish to estimate the probability of success x of the
binomial distribution.13 The likelihood function is given by

L(ỹ|x) =
(

n
ỹ

)
xỹ(1− x)n−ỹ

The log likelihood function is given by

ln [L(ỹ|x)] = ln

(
n
ỹ

)
+ ỹ ln(x)+ (n− ỹ) ln(1− x)

To determine the maximizing x we take the partial derivative of ln [L(ỹ|x)] with re-
spect to x, evaluated at x̂, and equate the resultant to zero, giving

{
∂
∂x

ln [L(ỹ|x)]
}∣∣∣
∣
x̂
=

ỹ
x̂
− n− ỹ

1− x̂
= 0

Therefore, the likelihood function has a maximum at

x̂ =
ỹ
n

This intuitively makes sense for our coin toss example, since we expect to obtain a
probability of 1/2 in n flips (for a balanced coin).

We now turn our attention to the least squares problem. The log likelihood function
is given by Equation (2.123) with L(ỹ|x) ≡ p(ỹ|x). Also, if we take the negative
of Equation (2.123), then maximizing the log likelihood function to determine the
optimal estimate x̂ is equivalent to minimizing

J(x̂) =
1
2

[ỹ−Hx̂]T R−1 [ỹ−Hx̂] (2.138)

The optimal estimate for x found by minimizing Equation (2.138) is exactly equiv-
alent to the minimum variance solution given in Equation (2.29)! Therefore, for the
case of Gaussian measurement errors, the minimum variance and maximum likeli-
hood estimates are identical to the least squares solution with the weight replaced
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Probability Concepts in Least Squares 87

with the inverse measurement-error covariance. The term 1
2 in the loss function

comes directly from maximum likelihood, which also helps simplify the mathemat-
ics when taking partials.

Example 2.7: In example 2.5 we estimated the variance using a random measure-
ment sample from a normal distribution. In this example we will expand upon this to
estimate the covariance from a multivariate normal distribution given a set of obser-
vations: {

ỹ1, ỹ2, . . . , ỹq
}

The likelihood function in this case is the joint density function, given by

L(R) =
q

∏
i=1

1

(2π)m/2 [det(R)]1/2 exp

{
−1

2
[ỹi−μ]T R−1 [ỹi−μ]

}

The log likelihood function is given by

ln[L(R)] =
q

∑
i=1

{
−1

2
[ỹi−μ]T R−1 [ỹi−μ]− m

2
ln(2π)− 1

2
ln [det(R)]

}

To determine an estimate of R we need to take the partial of ln[L(R)] with respect
to R and set the resultant to zero. In order to accomplish this task, we will need to
review some matrix calculus differentiating rules. For any given matrices R and G
we have

∂ ln [det(R)]
∂R

= (RT )−1

and
∂ Tr(R−1G)

∂R
=−(RT )−1G(RT )−1

where Tr denotes the trace operator. It can also be shown through simple matrix
manipulations that

q

∑
i=1

[ỹi−μ]T R−1 [ỹi−μ] = Tr(R−1G)

where

G =
q

∑
i=1

[ỹi−μ] [ỹi−μ]T

Now, since R is symmetric we have

∂ ln[L(R)]
∂R

=−q
2

R−1 +
1
2

R−1GR−1

Therefore, the maximum likelihood estimate for the covariance is given by

R̂ =
1
q

q

∑
i=1

[ỹi−μ] [ỹi−μ]T
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88 Optimal Estimation of Dynamic Systems

It can also be shown that this estimate is biased.

2.6 Properties of Maximum Likelihood Estimation

2.6.1 Invariance Principle

Maximum likelihood has many desirable properties. One of them is the invariance
principle,11 which is stated as follows: Let x̂ be the maximum likelihood estimate of
x. Then, the maximum likelihood estimate of any function g(x) is the function g(x̂)
of the maximum likelihood estimate. The proof shown here follows from Ref. [14].
Other proofs of the invariance principle can be found in Refs. [15] and [16]. Define
the log-likelihood function induced by g(x) as �(ỹ|g)≡ ln[L(ỹ|g)], so that

�(ỹ|g) = max
{x:g(x)=g}

q(ỹ|x) (2.139)

where q(ỹ|x)≡ ln[p(ỹ|x)]. Note that the relationships x to g(x) and vice versa do not
need to be one-to-one in either direction because Equation (2.139) implies that the
largest of the values of q(ỹ|x) in all points x satisfying g(x) = g is selected. Since
{x : g(x) = g} is a subset of all allowable values of x, then

max
{x:g(x)=g}

q(ỹ|x)≤max
x

q(ỹ|x) (2.140)

The right-hand side of Equation (2.140) by definition is equal to q(ỹ|x̂). Then, we
have

q(ỹ|x̂) = max
{x:g(x)=g(x̂)}

q(ỹ|x) = �(ỹ|g(x̂)) (2.141)

Therefore, the following relationship exists:

�(ỹ|g(x̂))≥ �(ỹ|g) (2.142)

This clearly shows that the log-likelihood function induced by g(x) is maximized by
g = g(x̂). Thus, the maximum likelihood estimate of g(x) is g(x̂). This is a powerful
tool since we do not have to take more partial derivatives to determine the maximum
likelihood estimate! A simple example involves estimating the standard deviation,
σ , in example 2.5. Using the invariance principle the solution is simply given by
σ̂ =
√
σ̂2.

2.6.2 Consistent Estimator

An estimator is defined to be consistent when x̂(y) converges in a probabilistic
sense to the truth, x, for large samples. We now show that a maximum likelihood
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Probability Concepts in Least Squares 89

estimator is a consistent estimator. The proof follows from Ref. [11]. The score is
defined by

s(x)≡ ∂
∂x

ln[p(ỹ|x)] (2.143)

Let’s determine the expected value of the score. From Equations (2.105) and (2.108)
we have ∫ ∞

−∞

[
∂
∂x

ln[p(ỹ|x)]
]

p(ỹ|x) dỹ = 0 (2.144)

From the definition of expectation in §C.3 we clearly see that the expectation of the
score must be zero, E {s(x)} = 0.

Consider taking a Taylor series expansion of the score, evaluated at the estimate,
relative to the true value. Then, there exists some x∗ = λ x +(1−λ )x̂, 0 ≤ λ ≤ 1,
which satisfies

∂
∂x

ln[p(ỹ|x̂)] =
∂
∂x

ln[p(ỹ|x)]+
[
∂ 2 ln[p(ỹ|x∗)]

∂x2

]T

(x̂−x) (2.145)

The estimate satisfies the likelihood, so the left-hand side of Equation (2.145) is zero,
which gives

∂
∂x

ln[p(ỹ|x)] =−
[
∂ 2 ln[p(ỹ|x∗)]

∂x2

]T

(x̂−x) (2.146)

Suppose that q independent and identically distributed measurement samples ỹi are
given. Then

∂
∂x

ln[p(ỹ|x)] =
∂
∂x

[

ln
q

∏
i=1

p(ỹi|x)

]

=
∂
∂x

[
q

∑
i=1

ln[p(ỹi|x)]

]

=
q

∑
i=1

∂
∂x

ln[p(ỹi|x)]

(2.147)

Note that the individual ỹi quantities can be scalars; q = m in this case. We now
invoke the law of large numbers,13 which is a theorem stating that the sample average
obtained from a large number of trials converges with probability one to the expected
value. Using this law on Equation (2.147) and its second derivative leads to

1
q

q

∑
i=1

∂
∂x

ln[p(ỹi|x)]→ E

{
∂
∂x

ln[p(ỹi|x)]
}

= 0 (2.148a)

1
q

q

∑
i=1

∂ 2

∂x2 ln[p(ỹi|x)]→ E

{
∂ 2

∂x2 ln[p(ỹi|x)]
}

(2.148b)

We will assume here that the matrix E
{
∂ 2 ln[p(ỹi|x)]/∂x2

}
is negative definite. This

is a valid assumption for most distributions, which is seen by the definition of the
Fisher information matrix in §2.3. Then, the left-hand side of Equation (2.146) must
vanish as q→ ∞. Note that this results does not change if higher-order terms are
used in the Taylor series expansion. Assuming that the second derivative in Equa-
tion (2.146) is nonzero, then we have x̂→ x with probability one, which proves that
the maximum likelihood estimate is a consistent estimate.
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90 Optimal Estimation of Dynamic Systems

2.6.3 Asymptotically Gaussian Property

Here we show that the maximum likelihood estimator is asymptotically Gaus-
sian. The proof follows from Ref. [11]. We begin with the score, defined by Equa-
tion (2.143). Since the expected value of the score is zero, then the covariance of the
score is given by

S ≡ E
{

s(x)sT (x)
}

=
∫ ∞

−∞

[
∂
∂x

ln[p(ỹ|x)]
][

∂
∂x

ln[p(ỹ|x)]
]T

p(ỹ|x) dỹ (2.149)

But this is clearly also the Fisher information matrix, so S = F . The score for the
ith measurement is given by si(x) ≡ ∂ ln[p(ỹi|x)]/∂x, so that s(x) = ∑

q
i=1 si(x). The

sample mean for the sample score is then given by

μs ≡ 1
q

q

∑
i=1

si(x) =
1
q

s(x) (2.150)

Thus, using the central limit theorem13 shows that the distribution of μs is asymptot-
ically Gaussian, having mean zero and covariance F/q.

Ignoring terms higher than second order in a Taylor series expansion of the score
about the truth gives

∂
∂x

ln[p(ỹ|x̂)] =
∂
∂x

ln[p(ỹ|x)]+
[
∂ 2 ln[p(ỹ|x)]

∂x2

]T

(x̂−x) (2.151)

As before, the left-hand side of Equation (2.151) is zero because x̂ satisfies the like-
lihood. Then, we have

1
q
∂
∂x

ln[p(ỹ|x)] =
[
−1

q
∂ 2 ln[p(ỹ|x)]

∂x2

]T

(x̂−x) (2.152)

Using the law of large numbers as in §2.6.2 implies that

1
q
∂ 2

∂x2 ln[p(ỹ|x)]→ E

{
∂ 2

∂x2 ln[p(ỹi|x)]
}

=−F (2.153)

The left-hand side of Equation (2.152) is simply μs, which has been previously
shown to be asymptotically Gaussian with zero mean and covariance F/q. Then,
F(x̂−x) is also asymptotically Gaussian with zero mean and covariance F/q. Hence,
in the asymptotic sense, the mean of x̂ is clearly x and its covariance is given by
F−1F F−1/q = F−1/q. Thus, the maximum likelihood estimator is asymptotically
Gaussian.

2.6.4 Asymptotically Efficient Property

Showing that the maximum likelihood estimator is asymptotically efficient is now
trivial. Denote the Fisher information matrix for a sample ỹi by F . Since we have as-
sumed independent measurement samples, then the covariance of the score is simply
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Probability Concepts in Least Squares 91

given by

S =
q

∑
i=1

E
{

si(x)sT
i (x)

}
=

q

∑
i=1

F = qF (2.154)

This shows that F = qF . Using the previous results in this section proves that the
maximum likelihood estimate asymptotically achieves the Cramér-Rao lower bound.
Hence, the maximum likelihood is asymptotically efficient. This means that if the
sample size is large, the maximum likelihood estimate is approximately unbiased
and has a covariance that approaches the smallest that can be achieved by any es-
timator. We see that this property is true in example 2.5, since as m becomes large
the maximum likelihood estimate for the variance approaches the unbiased estimate
asymptotically.

2.7 Bayesian Estimation

The parameters that we have estimated in this chapter have been assumed to be un-
known constants. In Bayesian estimation, we consider that these parameters are ran-
dom variables with some a priori distribution. Bayesian estimation combines this a
priori information with the measurements through a conditional density function of x
given the measurements ỹ. This conditional probability density function is known as
the a posteriori distribution of x. Therefore, Bayesian estimation requires the prob-
ability density functions of both the measurement noise and unknown parameters.
The posterior density function p(x|ỹ) for x (taking the measurement sample ỹ into
account) is given by Bayes’ rule (see Appendix C for details):

p(x|ỹ) =
p(ỹ|x)p(x)

p(ỹ)
(2.155)

Note since ỹ is treated as a set of known quantities, then p(ỹ) provides the proper
normalization factor to ensure that p(x|ỹ) is a probability density function. Alterna-
tively [17],

p(ỹ) =
∫ ∞

−∞
p(ỹ|x)p(x)dx (2.156)

If the integral in Equation (2.156) exists, then the posterior function p(x|ỹ) is said to
be proper; if it does not exist then p(x|ỹ) is improper, in which case we let p(ỹ) = 1
(see [17] for sufficient conditions).

2.7.1 MAP Estimation

Maximum a posteriori (MAP) estimation finds an estimate for x that maximizes
Equation (2.155).12 Heuristically, we seek the estimate x̂ which maximizes the prob-
ability of measuring the y values we actually obtained. Since p(ỹ) does not depend
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92 Optimal Estimation of Dynamic Systems

on x, this is equivalent to maximizing p(ỹ|x)p(x). We can again use the natural log-
arithm (as shown in §2.5) to simplify the problem by maximizing

JMAP(x̂) = ln [p(ỹ|x̂)]+ ln [p(x̂)] (2.157)

The first term in the sum is actually the log-likelihood function, and the second term
gives the a priori information on the to-be-determined parameters. Therefore, the
MAP estimator maximizes

JMAP(x̂) = ln [L(ỹ|x̂)]+ ln [p(x̂)] (2.158)

Maximum a posteriori estimation has the following properties: (1) if the a priori dis-
tribution p(x̂) is uniform, then MAP estimation is equivalent to maximum likelihood
estimation, (2) MAP estimation shares the asymptotic consistency and efficiency
properties of maximum likelihood estimation, (3) the MAP estimator converges to
the maximum likelihood estimator for large samples, and (4) the MAP estimator also
obeys the invariance principle.

Example 2.8: Suppose we wish to estimate the mean μ of a Gaussian variable from
a sample of m independent measurements known to have a standard deviation of σỹ.
We have been given that the a priori density function of μ is also Gaussian with zero
mean and standard deviation σμ . The density functions are therefore given by

p(ỹi|μ) =
1

σỹ
√

2π
exp

{

−1
2

(ỹi− μ)2

σ2
ỹ

}

, i = 1, 2, . . . , m

and

p(μ) =
1

σμ
√

2π
exp

{

− μ2

2σ2
μ

}

Since the measurements are independent we can write

p(ỹ|μ) =
1

(σỹ
√

2π)m
exp

{

−1
2

m

∑
i=1

(ỹi− μ)2

σ2
ỹ

}

Using Equation (2.157) and ignoring terms independent of μ we now seek to maxi-
mize

JMAP(μ̂) =−1
2

[
m

∑
i=1

(ỹi− μ̂)2

σ2
ỹ

+
μ̂2

σ2
μ

]

Taking the partial of this equation with respect to μ̂ and equating the resultant to zero
gives

m

∑
i=1

(ỹi− μ̂)
σ2

ỹ
− μ̂

σ2
μ

= 0
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Probability Concepts in Least Squares 93

Recall that the maximum likelihood estimate for the mean from example 2.5 is given
by

μ̂ML =
1
m

m

∑
i=1

ỹi

Therefore, we can write the maximum a posteriori estimate for the mean as

μ̂ =
σ2
μ

1
mσ

2
ỹ +σ2

μ
μ̂ML

Notice that μ̂ → μ̂ML as either σ2
μ → ∞ or as m→ ∞. This is consistent with the

properties discussed previously of a maximum a posteriori estimator.

Maximum a posteriori estimation can also be used to find an optimal estimator
for the case with a priori estimates, modeled using Equations (2.43) through (2.46).
The assumed probability density functions for this case are given by

L(ỹ|x̂) = p(ỹ|x̂) =
1

(2π)m/2 [det(R)]1/2 exp

{
−1

2
[ỹ−Hx̂]T R−1 [ỹ−Hx̂]

}
(2.159)

p(x̂) =
1

(2π)n/2 [det(Q)]1/2
exp

{
−1

2
[x̂a− x̂]T Q−1 [x̂a− x̂]

}
(2.160)

Maximizing Equation (2.158) leads to the following estimator:

x̂ =
(
HT R−1H + Q−1)−1 (

HT R−1ỹ+ Q−1x̂a
)

(2.161)

which is the same result obtained through minimum variance. However, the solution
using MAP estimation is much simpler since we do not need to solve a constrained
minimization problem using Lagrange multipliers.

The Cramér-Rao inequality can be extended for a Bayesian estimator. The Cramér-
Rao inequality for the case of a priori information is given by11, 18

P≡ E
{
(x̂−x)(x̂−x)T

}

≥
[

F + E

{[
∂
∂x

ln[p(x)]
][

∂
∂x

ln[p(x)]
]T
}]−1 (2.162)

This can be used to test the efficiency of the MAP estimator. The Fisher information
matrix has been computed in Equation (2.124) as

F =
(
HT R−1H

)
(2.163)
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94 Optimal Estimation of Dynamic Systems

Using the a priori density function in Equation (2.160) leads to

E

{[
∂
∂x

ln[p(x)]
][

∂
∂x

ln[p(x)]
]T
}

= Q−1E
{
(x̂a−x)(x̂a−x)T}Q−1

= Q−1E
{

w wT}Q−1 = Q−1

(2.164)

Next, we need to compute the covariance matrix P. From Equation (2.81) and using
MH + N = I, the estimate can be written as

x̂ = x + Mv + Nw (2.165)

Using the definitions in Equations (2.44) and (2.46), and assuming that E
{

vwT
}

= 0
and E

{
wvT

}
= 0, the covariance matrix can be written as

P = MRMT + NQNT (2.166)

From the solutions for M and N in Equations (2.77) and (2.78), the covariance matrix
becomes

P =
(
HT R−1H + Q−1)−1

(2.167)

Therefore, the lower bound in the Cramér-Rao inequality is achieved, and thus the
estimator (2.161) is efficient. Equation (2.167) can be alternatively written using the
matrix inversion lemma, shown by Equations (1.69) and (1.70), as

P = Q−QHT (R + HQHT)−1
HQ (2.168)

Equation (2.168) may be preferred over Equation (2.167) if the dimension of R is
less than the dimension of Q.

We now show the relationship of the MAP estimator to the results shown in §C.5.1.
Substituting Equation (2.168) into Equation (2.161) leads to

x̂ = x̂a−QHT (R + HQHT)−1
Hx̂a

+[QHT R−1−QHT (R + HQHT)−1
HQHT R−1]ỹ

(2.169)

This can be simplified to (which is left as an exercise for the reader)

x̂ = x̂a + QHT (R + HQHT)−1 (ỹ−Hx̂a) (2.170)

This is identical to Equation (C.48) if we make the following analogies: μx → x̂a,
μy→ Hx̂a, y→ ỹ, Rexex ≡Q, Reyey ≡ R+HQHT , and Rexey ≡QHT . The covariance
matrices are indeed defined correctly in relation to their respective variables. This is
easily seen by comparing Equation (2.168) with Equation (C.49).
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Probability Concepts in Least Squares 95

2.7.2 Minimum Risk Estimation

Another approach for Bayesian estimation is a minimum risk (MR) estimator.18, 19

In practical engineering problems, we are often faced with making a decision in
the face of uncertainty. An example involves finding the best value for an aircraft
model parameter given wind tunnel data in the face of measurement error uncertainty.
Bayesian estimation chooses a course of action that has the largest expectation of
gain (or smallest expectation of loss). This approach assumes the existence (or at
least a guess) of the a priori probability function. Minimum risk estimators also use
this information to find the best estimate based on decision theory, which assigns a
cost to any loss suffered due to errors in the estimate. Our goal is to evaluate the cost
c(x∗|x) of believing that the value of the estimate is x∗ when it is actually x. Since x
is unknown, the actual cost cannot be evaluated; however, we usually assume that x
is distributed by the a posteriori function. This approach minimizes the risk, defined
as the mean of the cost over all possible values of x, given a set of observations ỹ.
The risk function is given by

JMR(x∗) =
∫ ∞

−∞
c(x∗|x)p(x|ỹ)dx (2.171)

Using Bayes’ rule we can rewrite the risk as

JMR(x∗) =
∫ ∞

−∞
c(x∗|x)

p(ỹ|x)p(x)
p(ỹ)

dx (2.172)

The minimum risk estimate is defined as the value of x∗ that minimizes the loss
function in Equation (2.172).

A common choice for the cost c(x∗|x) is a quadratic function taking the form

c(x∗|x) =
1
2
(x∗ −x)T S(x∗ −x) (2.173)

where S is a positive definite weighting matrix. The risk is now given by

JMR(x∗) =
1
2

∫ ∞

−∞
(x∗ −x)T S(x∗−x)p(x|ỹ)dx (2.174)

To determine the minimum risk estimate we take the partial of Equation (2.174) with
respect to x∗, evaluated at x̂, and set the resultant to zero:

∂JMR(x∗)
∂x

∣
∣∣
∣
x̂
= 0 = S

∫ ∞

−∞
(x̂−x)p(x|ỹ)dx (2.175)

Since S is invertible Equation (2.175) simply reduces down to

x̂
∫ ∞

−∞
p(x|ỹ)dx =

∫ ∞

−∞
xp(x|ỹ)dx (2.176)

The integral on the left-hand side of Equation (2.176) is clearly unity, so that

x̂ =
∫ ∞

−∞
xp(x|ỹ)dx≡ E {x|ỹ} (2.177)
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96 Optimal Estimation of Dynamic Systems

Notice that the minimum risk estimator is independent of S in this case. Additionally,
the optimal estimate is seen to be the expected value (i.e., the mean) of x given the
measurements ỹ. From Bayes’ rule we can rewrite Equation (2.177) as

x̂ =
∫ ∞

−∞
x

p(ỹ|x)p(x)
p(ỹ)

dx (2.178)

We will now use the minimum risk approach to determine an optimal estimate
with a priori information. Recall from §2.1.2 that we have the following models:

ỹ = Hx + v (2.179a)

x̂a = x + w (2.179b)

with associated known expectations and covariances

E {v}= 0 (2.180a)

cov{v}= E
{

vvT}= R (2.180b)

and

E {w}= 0 (2.181a)

cov{w}= E
{

wwT}= Q (2.181b)

Also, recall that x is now a random variable with associated expectation and covari-
ance

E {x}= x̂a (2.182a)

cov{x}= E
{

xxT}−E {x}E {x}T = Q (2.182b)

The probability functions for p(ỹ|x) and p(x) are given by

p(ỹ|x) =
1

(2π)m/2 [det(R)]1/2 exp

{
−1

2
[ỹ−Hx]T R−1 [ỹ−Hx]

}
(2.183)

p(x) =
1

(2π)n/2 [det(Q)]1/2
exp

{
−1

2
[x̂a−x]T Q−1 [x̂a−x]

}
(2.184)

We now need to determine the density function p(ỹ). Since a sum of Gaussian ran-
dom variables is itself a Gaussian random variable, then we know that p(ỹ) must also
be Gaussian. The mean of ỹ is simply

E {ỹ}= E {Hx}= Hx̂a (2.185)

Assuming that x, v, and w are uncorrelated with each other, the covariance of ỹ is
given by

cov{ỹ}= E
{

ỹ ỹT}−E {ỹ}E {ỹ}T

= E
{

HwwT HT}+ E
{

vvT} (2.186)
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Probability Concepts in Least Squares 97

Therefore, using Equations (2.180) and (2.181), then Equation (2.186) can be written
as

cov{ỹ}= HQHT + R≡ D (2.187)

Hence, p(ỹ) is given by

p(ỹ) =
1

(2π)m/2 [det(D)]1/2
exp

{
−1

2
[ỹ−Hx̂a]T D−1 [ỹ−Hx̂a]

}
(2.188)

Using Bayes’ rule and the matrix inversion lemma shown by Equations (1.69) and
(1.70), it can be shown that p(x|ỹ) is given by

p(x|ỹ) =

[
det
(
HQHT + R

)]1/2

(2π)n/2 [det(R)]1/2[det(Q)]1/2

× exp

{
−1

2
[x−Hp]T (HT R−1H + Q−1) [x−Hp]

} (2.189)

where
p =

(
HT R−1H + Q−1)−1 (

HT R−1ỹ+ Q−1x̂a
)

(2.190)

Clearly, since Equation (2.177) is E {x|ỹ}, then the minimum risk estimate is given
by

x̂ = p =
(
HT R−1H + Q−1)−1 (

HT R−1ỹ+ Q−1x̂a
)

(2.191)

which is equivalent to the estimate found by minimum variance and maximum a
posteriori.

The minimum risk approach can be useful since it incorporates a decision-based
means to determine the optimal estimate. However, there are many practical dis-
advantages. Although an analytical solution for the minimum risk using Gaussian
distributions can be found in many cases, the evaluation of the integral in Equa-
tion (2.178) may be impractical for general distributions. Also, the minimum risk
estimator does not (in general) converge to the maximum likelihood estimate for
uniform a priori distributions. Finally, unlike maximum likelihood, the minimum
risk estimator is not invariant under reparameterization. For these reasons, minimum
risk approaches are often avoided in practical estimation problems, although the re-
lationship between decision theory and optimal estimation is very interesting.

Some important properties of the a priori estimator in Equation (2.191) are given
by the following:

E
{
(x− x̂)ỹT}= 0 (2.192)

E
{
(x− x̂)x̂T}= 0 (2.193)

The proof of these relations now follows. We first substitute x̂ from Equation (2.191)
into Equation (2.192), with use of the model given in Equation (2.179a). Then, tak-
ing the expectation of the resultant, with E

{
v xT
}

= E
{

x vT
}

= 0, and using Equa-
tion (2.182a) gives

E
{
(x− x̂)ỹT}= (I−KHT R−1H)E

{
xxT}HT

−KQ−1x̂ax̂T
a HT −KHT

(2.194)
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98 Optimal Estimation of Dynamic Systems

where
K ≡ (HT R−1H + Q−1)−1

(2.195)

Next, using the following identity:

(I−KHT R−1H) = KQ−1 (2.196)

yields

E
{
(x− x̂)ỹT}= K

(
Q−1E

{
xxT}HT −Q−1x̂ax̂T

a HT −HT) (2.197)

Finally, using Equation (2.182b) in Equation (2.197) leads to

E
{
(x− x̂)ỹT}= 0 (2.198)

To prove Equation (2.193), we substitute Equation (2.191) into Equation (2.193),
again with use of the model given in Equation (2.179a). Taking the appropriate ex-
pectations leads to

E
{
(x− x̂)x̂T}= E

{
xxT}HT R−1HK + x̂ax̂T

a Q−1K

−KHT R−1HE
{

xxT}HT R−1HK

−KHT R−1Hx̂ax̂T
a Q−1K−KHT R−1HK

−KQ−1x̂ax̂T
a HT R−1HK−KQ−1x̂ax̂T

a Q−1K

(2.199)

Next, using Equation (2.182b) and the identity in Equation (2.196) leads to

E
{
(x− x̂)x̂T}= 0 (2.200)

Equations (2.192) and (2.193) show that the residual error is orthogonal to both the
measurements and the estimates. Therefore, the concepts shown in §1.6.4 also apply
to the a priori estimator.

2.8 Advanced Topics

In this section we will show some advanced topics used in probabilistic estimation.
As in Chapter 1 we encourage the interested reader to pursue these topics further in
the references provided.

2.8.1 Nonuniqueness of the Weight Matrix

Here we study the truth that more than one weight matrix in the normal equa-
tions can yield identical x estimates. Actually two classes of weight matrices (which
preserve x̂) exist. The first is rather well known; the second is less known and its
implications are more subtle.
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Probability Concepts in Least Squares 99

We first consider the class of weight matrices which is formed by multiplying all
elements of W by some scalar α as

W ′ = αW (2.201)

The x estimate corresponding to W ′ follows from Equation (1.30) as

x̂′ =
1
α

(HTWH)−1HT (αW )ỹ = (HTWH)−1HTW ỹ (2.202)

so that
x̂′ ≡ x̂ (2.203)

Therefore, scaling all elements of W does not (formally) affect the estimate solution
x̂. Numerically, possible significant errors may result if extremely small or extremely
large values of α are used, due to computed truncation errors.

We now consider a second class of weight matrices obtained by adding a nonzero
(m×m) matrix ΔW to W as

W ′′ = W +ΔW (2.204)

Then, the estimate solution x̂′′ corresponding to W ′′ is obtained from Equation (1.30)
as

x̂′′ = (HTW ′′H)−1HTW ′′ỹ (2.205)

Substituting Equation (2.204) into Equation (2.205) yields

x̂′′ =
[
HTWH +(HTΔW )H

]−1 [
HTW ỹ+(HTΔW )ỹ

]
(2.206)

If ΔW �= 0 exists such that
HTΔW = 0 (2.207)

then Equation (2.206) clearly reduces to

x̂′′ = (HTWH)−1HTW ỹ≡ x̂ (2.208)

There are, in fact, an infinity of matrices ΔW satisfying the orthogonality con-
straint in Equation (2.207). To see this, assume that all elements of ΔW except those
in the first column are zero; then Equation (2.207) becomes

HTΔW =

⎡

⎢
⎢
⎢
⎣

h11 h21 · · · hm1

h12 h22 · · · hm2
...

...
. . .

...
h1n h2n · · · hmn

⎤

⎥
⎥
⎥
⎦

⎡

⎢
⎢
⎢
⎣

ΔW 11 0 · · · 0
ΔW 21 0 · · · 0

...
...

. . .
...

ΔW m1 0 · · · 0

⎤

⎥
⎥
⎥
⎦

= 0 (2.209)

which yields the scalar equations

h1iΔW 11 + h2iΔW 21 + . . .+ hmiΔW m1 = 0, i = 1, 2, . . . , n (2.210)

Equation (2.210) provides n equations to be satisfied by the m unspecified ΔW j1’s.
Since any n of the ΔW j1’s can be determined to satisfy Equations (2.210), while the
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100 Optimal Estimation of Dynamic Systems

remaining (m−n) ΔW j1’s can be given arbitrary values, it follows that an infinity of
ΔW matrices satisfies Equation (2.209) and therefore Equation (2.207).

The fact that more than one weight matrix yields the same estimates for x is
no cause for alarm though. Interpreting the covariance matrix as the inverse of the
measurement-error covariance matrix associated with a specific ỹ of measurements,
the above results imply that one can obtain the same x-estimate from the given mea-
sured y-values, for a variety of measurement weights, according to Equation (2.201)
or Equations (2.204) and (2.207). A most interesting question can be asked regard-
ing the covariance matrix of the estimated parameters. From Equation (2.127), we
established that the estimate covariance is

P = (HTWH)−1, W = R−1 (2.211)

For the first class of weight matrices W ′ = αW note that

P′ =
1
α

(HTWH)−1 =
1
α

(HT R−1H)−1 (2.212)

or

P′ =
1
α

P (2.213)

Thus, linear scaling of the observation weight matrix results in reciprocal linear scal-
ing of the estimate covariance matrix, an intuitively reasonable result.

Considering now the second class of error covariance matrices W ′′ = W +ΔW ,
with HTΔW = 0, it follows from Equation (2.211) that

P′′ = (HTWH + HTΔWH)−1 = (HTW H)−1 (2.214)

or
P′′ = P (2.215)

Thus, the additive class of observation weight matrices preserves not only the x-
estimates, but also the associated estimate covariance matrix. It may prove possible,
in some applications, to exploit this truth since a family of measurement-error co-
variances can result in the same estimates and associated uncertainties.

Example 2.9: Given the following linear system:

ỹ = Hx

with

ỹ =

⎡

⎣
2
1
3

⎤

⎦ , H =

⎡

⎣
1 3
2 2
3 4

⎤

⎦

For each of the three weight matrices

W = I, W ′ = 3W, W ′′ = W +

⎡

⎣
1
/

4 5
/

8 −1
/

2
5
/

8 25
/

16 −5
/

4
−1
/

2 −5
/

4 1

⎤

⎦
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Probability Concepts in Least Squares 101

determine the least squares estimates

x̂ = (HTW H)−1HTW ỹ

x̂′ = (HTW ′H)−1HTW ′ỹ

x̂′′ = (HTW ′′H)−1HTW ′′ỹ

and corresponding error-covariance matrices

P = (HTWH)−1

P′ = (HTW ′H)−1

P′′ = (HTW ′′H)−1

The reader can verify the numerical results

x̂ = x̂′ = x̂′′ =
[−1

/
15

11
/

15

]

and

P = P′′ =
[

29
/

45 −19
/

45
−19

/
45 14

/
45

]

P′ =
1
3

P =
[

29
/

135 −19
/

135
−19

/
135 14

/
135

]

These results are consistent with Equations (2.203), (2.208), (2.213), and (2.215).

2.8.2 Analysis of Covariance Errors

In §2.8.1 an analysis was shown for simple errors in the measurement error co-
variance matrix. In this section we expand upon these results to the case of general
errors in the assumed measurement error covariance matrix. Say that the assumed
measurement error covariance is denoted by R̃, and the actual covariance is denoted
by R. The least squares estimate with the assumed covariance matrix is given by

x̂ = (HT R̃−1H)−1HT R̃−1ỹ (2.216)

Using the measurement model in Equation (2.1) leads to the following residual error:

x̂−x = (HT R̃−1H)−1HT R̃−1v (2.217)

The estimate x̂ is unbiased since E {v} = 0. Using E
{

v vT
}

= R, the estimate co-
variance is given by

P̃ = (HT R̃−1H)−1HT R̃−1R R̃−1H(HT R̃−1H)−1 (2.218)
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102 Optimal Estimation of Dynamic Systems

Clearly, P̃ reduces to (HT R−1H)−1 when R̃ = R or when H is square (i.e., m =
n). Next, we define the following relative inefficiency parameter e, which gives a
measure of the error induced by the incorrect measurement error covariance:

e =
det
[
(HT R̃−1H)−1HT R̃−1R R̃−1H(HT R̃−1H)−1

]

det [(HT R−1H)−1]
(2.219)

We will now prove that e ≥ 1. Since for any invertible matrix A, det(A−1) =
1
/

det(A), Equation (2.219) reduces to

e =
det(HT R̃−1R R̃−1H)det(HT R−1H)

det(HT R̃−1H)2
(2.220)

Performing a singular value decomposition of the matrix R̃1/2H gives

R̃1/2H = X SY T (2.221)

where X and Y are orthogonal matrices.20 Also, define the following matrix:

D≡ XT R̃−1/2R R̃−1/2X (2.222)

Using the definitions in Equations (2.221) and (2.222), then Equation (2.220) can be
written as

e =
det(Y ST D SY T )det(Y ST D−1SY T )

det(Y ST SY T )
(2.223)

This can easily be reduced to give

e =
det(ST D S)det(ST D−1S)

det(ST S)2 (2.224)

Next, we partition the m× n matrix S into an n× n matrix S1 and an (m− n)× n
matrix of zeros so that

S =
[

S1

0

]
(2.225)

where S1 is a diagonal matrix of the singular values. Also, partition D as

D =
[

D1 F
FT D2

]
(2.226)

where D1 is a square matrix with the same dimension as S1 and D2 is also square.
The inverse of D is given by (see Appendix B)

D−1 =

⎡

⎣
(D1−F D−1

2 FT )−1 G

GT (D2−FT D−1
1 F)−1

⎤

⎦ (2.227)
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Probability Concepts in Least Squares 103

where the closed-form expression for G is not required in this development. Substi-
tuting Equations (2.225), (2.226), and (2.227) into Equation (2.224) leads to

e =
det(D1)

det(D1−F D−1
2 FT )

(2.228)

Next, we use the following identity (see Appendix B):

det(D) = det(D2)det(D1−F D−1
2 FT ) (2.229)

which reduces Equation (2.228) to

e =
det(D1)det(D2)

det(D)
(2.230)

By Fisher’s inequality20 e ≥ 1. The specific value of e gives an indication of the
inefficiency of the estimator and can be used to perform a sensitivity analysis given
bounds on matrix R. A larger value for e means that the estimates are further (in a
statistical sense) from their true values.

Example 2.10: In this simple example we consider a two measurement case with
the true covariance given by the identity matrix. The assumed covariance R̃ and H
matrices are given by

R̃ =
[

1 +α 0
0 1 +β

]
, H =

[
1
1

]

whereα and β can vary from−0.99 to 1. A three-dimensional plot of the inefficiency
in Equation (2.219) for varying α and β is shown in Figure 2.3. The minimum value
(1) is given when α = β = 0 as expected. Also, the values for e are significantly
lower when both α and β are greater than 1 (the average value for e in this case
is 1.1681), as compared to when both are less than 1 (the average value for e in
this case is 1.0175). This states that the estimate errors are worse when the assumed
measurement error covariance matrix is lower than the true covariance. This example
clearly shows the influence of the measurement error covariance on the performance
characteristics of the estimates.

2.8.3 Ridge Estimation

As mentioned in §1.2.1, the inverse of HT H exists only if the number of linearly
independent observations is equal to or greater than the number of unknowns, and if
independent basis functions are used to form H. If the matrix HT H is close to be-
ing ill-conditioned, then the model is known as weak multicollinear. We can clearly
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Figure 2.3: Measurement-Error Covariance Inefficiency Plot

see that weak multicollinearity may produce a large covariance in the estimated pa-
rameters. A strong multicollinearity exists if there are exact linear relations among
the observations so that the rank of H equals n.21, 22 This corresponds to the case of
having linearly dependent rows in H. Another situation for HT H ill-conditioning is
due to H having linearly independent columns, which occurs when the basis func-
tions themselves are not independent of each other (e.g., choosing t, t2, and at +bt2,
where a and b are constants, as basis functions leads to an ill-conditioned H matrix).
Hoerl and Kennard23 have proposed a class of estimators, called ridge regression
estimators, that have a lower total mean error than ordinary least squares (which is
useful for the case of weak multicollinearity). However, as will be shown, the esti-
mates are biased. Ridge estimation involves adding a positive constant, φ , to each
diagonal element of HT H, so that

x̂ = (HT H +φ I)−1HT ỹ (2.231)

Note the similarity between the ridge estimator and the Levenberg-Marquardt
method in §1.6.3. Also note that even though the ridge estimator is a heuristic step
motivated by numerical issues, comparing Equation (2.79) to Equation (2.231) leads
to an equivalent relationship of formally treating x̂a = 0 as an a priori estimate with
associated covariance Q = (1/φ)I. More generally, we may desire to use x̂a �= 0 and
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Probability Concepts in Least Squares 105

Q equal to some best estimate of the covariance of the errors in x̂a.
We will first show that the ridge estimator produces biased estimates. Substituting

Equation (2.1) into Equation (2.231) and taking the expectation leads to

E {x̂}= (HT H +φ I)−1HT Hx (2.232)

Therefore, the bias is given by

b≡ E {x̂}−x =
[
(HT H +φ I)−1HT H− I

]
x (2.233)

This can be simplified to yield

b =−φ(HT H +φ I)−1x (2.234)

We clearly see that the ridge estimates are unbiased only when φ = 0, which reduces
to the standard least squares estimator.

Let us compute the covariance of the ridge estimator. Recall that the covariance is
defined as

P≡ E
{

x̂ x̂T}−E {x̂}E {x̂}T (2.235)

Assuming that v and x are uncorrelated leads to

Pridge = (HT H +φ I)−1HT RH(HT H +φ I)−1 (2.236)

Clearly, as φ increases the ridge covariance decreases, but at a price! The estimate
becomes more biased, as seen in Equation (2.234). We wish to find φ that minimizes
the error x̂− x, so that the estimate is as close to the truth as possible. A natural
choice is to investigate the characteristics of the following matrix:

ϒ≡ E
{
(x̂−x)(x̂−x)T} (2.237)

Note, this is not the covariance of the ridge estimate since E {x̂} �= x in this case
(therefore, the parallel axis theorem cannot be used). First, define

Γ≡ (HT H +φ I)−1 (2.238)

The following expectations can readily be derived

E
{

x̂ x̂T}= Γ
(
HT RH + HT H xxT HT H

)
Γ (2.239)

E
{

x x̂T}= xxT HT H Γ (2.240)

E
{

x̂ xT}= ΓHT H xxT (2.241)

Next, we make use of the following identities:

I−ΓHT H = φΓ (2.242)

and
Γ−1−HT H = φ I (2.243)
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106 Optimal Estimation of Dynamic Systems

Hence, Equation (2.237) becomes

ϒ = Γ
(
HT RH +φ2xxT)Γ (2.244)

We now wish to investigate the possibility of finding a range of φ that produces a
lower ϒ than the standard least squares covariance. In this analysis we will assume
isotropic measurement errors so that R = σ2I. The least squares covariance can be
manipulated using Equation (2.238) to yield

Pls = σ2(HT H)−1

= σ2Γ
[
Γ−1(HT H)−1Γ−1]Γ

= σ2Γ
[
I +φ(HT H)−1][HT H +φ I

]
Γ

= σ2Γ
[
φ2(HT H)−1 + 2φ I + HT H

]
Γ

(2.245)

Using Equations (2.236), (2.238), and (2.245), the condition for Pls−ϒ≥ 0 is given
by

φΓ
{
σ2 [2I +φ(HT H)−1]−φxxT}Γ≥ 0 (2.246)

A sufficient condition for this inequality to hold true is φ ≥ 0 and

2σ2I−φxxT ≥ 0 (2.247)

Left multiplying Equation (2.247) by xT and right multiplying the resulting expres-
sion by x leads to the following condition:

0≤ φ ≤ 2σ2

xT x
(2.248)

This guarantees that the inequality is satisfied; however, it is only a sufficient condi-
tion since we ignored the term (HT H)−1 in Equation (2.246).

We can also choose to minimize the trace of ϒ as well, which reduces the residual
errors. Without loss of generality we can replace HT H with Λ, which is a diagonal
matrix with elements given by the eigenvalues of HT H. The trace of ϒ is given by

Tr(ϒ) = Tr
[
(Λ+φ I)−1(σ2Λ+φ2xxT )(Λ+φ I)−1] (2.249)

Therefore, we can now express the trace of ϒ simply by

Tr(ϒ) =
n

∑
i=1

σ2λi +φ2x2
i

(λi +φ)2 (2.250)

where λi is the ith diagonal element of Λ. Minimizing Equation (2.250) with respect
to φ yields the following condition:

2φ
n

∑
i=1

λix2
i

(λi +φ)3 −2σ2
n

∑
i=1

λi

(λi +φ)3 = 0 (2.251)
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Probability Concepts in Least Squares 107
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Figure 2.4: Ridge Estimation for a Scalar Case

Since x is unknown, the optimal φ cannot be determined a priori.24 One possible
procedure to determine φ involves plotting each component of x̂ against φ , which
is called a ridge trace. The estimates will stabilize at a certain value of φ . Also, the
residual sum squares should be checked so that the condition in Equation (2.248) is
met.

Example 2.11: As an example of the performance tradeoffs in ridge estimation, we
will consider a simple case with x = 1.5, σ2 = 2, and λ = 2. A plot of the ridge
variance, the least squares variance, the ridge residual sum squares, and the bias-
squared quantities as a function of the ridge parameter φ is shown in Figure 2.4.
From Equation (2.251), using the given parameters, the optimal value for φ is 0.89.
This is verified in Figure 2.4. From Equation (2.248), the region where the residual
sum squares is less than the least squares residual is given by 0≤ φ ≤ 1.778, which
is again verified in Figure 2.4. As mentioned previously, this is a conservative con-
dition (the actual upper bound is 3.200). From Figure 2.4, we also see that the ridge
variance is always less than the least squares variance; however, the bias increases as
φ increases.
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108 Optimal Estimation of Dynamic Systems

Ridge estimation provides a powerful tool that can produce estimates that have
smaller residual errors than traditional least squares. It is especially useful when
HT H is close to being singular. However, in practical engineering applications in-
volving dynamic systems biases are usually not tolerated, and thus the advantage of
ridge estimation is diminished. In short, careful attention needs to be paid by the
design engineer in order to weigh the possible advantages with the inevitable biased
estimates in the analysis of the system. Alternatively, it may be possible to justify a
particular ridge estimation process by using Equation (2.79) for the case that a rigor-
ous covariance Q is available for an a priori estimate x̂a. Of course, in this theoretical
setting, Equation (2.79) is an unbiased estimator.

2.8.4 Total Least Squares

The standard least squares model in Equation (2.1) assumes that there are no errors
in the H matrix. Although this situation occurs in many systems, this assumption may
not always be true. The least squares formulation in example 1.2 uses the measure-
ments themselves in H, which contain random measurement errors. These “errors”
were ignored in the least squares solution. Total least squares25, 26 addresses errors
in the H matrix and can provide higher accuracy than ordinary least squares. In order
to introduce this subject we begin by considering estimating a scalar parameter x:26

ỹ = h̃x (2.252)

with

ỹi = yi + vi, i = 1, 2, . . . , m (2.253a)

h̃i = hi + ui, i = 1, 2, . . . , m (2.253b)

where vi and ui represent errors to the true values yi and hi, respectively.
When ui = 0 then the estimate for x, denoted by x̂′, is found by minimizing:

J(x̂′) =
m

∑
i=1

(ỹi−hi x̂
′)2 (2.254)

which yields

x̂′ =

[
m

∑
i=1

h2
i

]−1 m

∑
i=1

hiỹi (2.255)

The geometric interpretation of this result is shown by Case (a) in Figure 2.5. The
residual is perpendicular to the h̃ axis. When vi = 0 then the estimate for x, denoted
by x̂′′, is found by minimizing:

J(x̂′′) =
m

∑
i=1

(yi/x̂′′ − h̃i)2 (2.256)

which yields

x̂′′ =

[
m

∑
i=1

h̃iyi

]−1 m

∑
i=1

y2
i (2.257)
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Probability Concepts in Least Squares 109
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Figure 2.5: Geometric Interpretation of Total Least Squares

The geometric interpretation of this result is shown by Case (b) in Figure 2.5. The
residual is perpendicular to the ỹ axis. If the errors in both yi and hi have zero mean
and the same variance, then the total least squares estimate for x, denoted x̂, is found
by minimizing the sum of squared distances of the measurement points from the
fitted line:

J(x̂) =
m

∑
i=1

(ỹi− h̃i x̂)2/(1 + x̂2) (2.258)

The geometric interpretation of this result is shown by Case (c) in Figure 2.5. The
residual is now perpendicular to the fitted line. This geometric interpretation leads to
the orthogonal regression approach in the total least squares problem.

For the general problem, the total least squares model is given by

ỹ = y + v (2.259a)

H̃ = H +U (2.259b)

where U represents the error to the model H. Define the following m×(n+1) matrix:

D̃≡ [H̃ ỹ
]

(2.260)

© 2012 by Taylor & Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

U
ta

h 
St

at
e 

U
ni

ve
rs

ity
] 

at
 2

3:
07

 0
3 

D
ec

em
be

r 
20

13
 



110 Optimal Estimation of Dynamic Systems

Unfortunately because H now contains errors the constraint ŷ = Ĥ x̂ must also be
added to the minimization problem. The total least squares problem seeks an optimal
estimate of x that minimizes

J(x̂) =
1
2

vecT (D̃T − D̂T )R−1vec(D̃T − D̂T ), s.t. D̂ ẑ = 0 (2.261)

where ẑ ≡ [x̂T − 1]T , D̂ ≡ [Ĥ ŷ] denotes the estimate of D ≡ [H y] and R is the
covariance matrix. Also, vec denotes a vector formed by stacking the consecutive
columns of the associated matrix. For a unique solution it is required that the rank of
D̂ be n, which means ẑ spans the null space of D̂.

For our introduction to a more general case, we first assume that R is given by
the identity matrix. This assumption gives equal weighting on the measurements and
basis functions. The total least squares problem seeks an optimal estimate of x that
minimizes27

J =
∣
∣
∣
∣[H̃ ỹ

]− [Ĥ ŷ
]∣∣
∣
∣2
F (2.262)

where || · ||F denotes the Frobenius norm (see §B.3) and Ĥ is used in

ŷ = Ĥx̂TLS (2.263)

Note that the loss functions in Equations (2.261) and (2.262) are equivalent when R is
the identity matrix. We now define the following variables: e≡ ỹ− ŷ and B≡ H̃− Ĥ.
Thus, we seek to find x̂TLS that minimizes ||[B e

] ||2F . Using the aforementioned
variables in Equation (2.263) gives

(H̃−B)x̂TLS = ỹ− e (2.264)

which can be rewritten as

D̂

[
x̂TLS

−1

]
= 0 (2.265)

where D̂≡ [(H̃−B) (ỹ− e)
]
.

The solution is given by taking the reduced form of the singular value decompo-
sition (see §B.4) of the matrix D̃:

D̃ = USV T =
[
U11 u

]
[
Σ 0
0T sn+1

][
V11 v
wT v22

]T

(2.266)

where U11 is an m× n matrix, u is an m× 1 vector, V11 is an n× n matrix, v and w
are n× 1 vectors, and Σ is an n× n diagonal matrix given by Σ = diag

[
s1 · · · sn

]
.

The goal is to find B and e to make D̂ rank deficient by one, which is seen by Equa-
tion (2.265). Thus, the vector

[
x̂T

TLS −1
]T

will span the null space of D̂, and the
desired rank deficiency will provide a unique solution for x̂TLS. To accomplish this
task it is desired to use parts of the U , V , and S matrices shown in Equation (2.266).
We will try the simplest approach, which seeks to find B and e so that the following
is true:

D̂ =
[
U11 u

]
[
Σ 0
0T 0

][
V11 v
wT v22

]T

(2.267)
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Probability Concepts in Least Squares 111

Clearly, D̂ is rank deficient with this model. Note this approach does not imply that
sn+1 is zero in general. Rather we are using most of the elements of the already
computed U , V , and S matrices to ascertain whether or not a feasible solution exists
for B and e to make D̂ rank deficient by one.

Multiplying the matrices in Equation (2.266) gives

H̃ = U11ΣV T
11 + sn+1uvT (2.268a)

ỹ = U11Σw+ sn+1v22u (2.268b)

Multiplying the matrices in Equation (2.267) gives

H̃−B = U11ΣV T
11 (2.269a)

ỹ− e = U11Σw (2.269b)

Equations (2.268) and (2.269) yield

B = sn+1uvT (2.270a)

e = sn+1v22u (2.270b)

Thus, valid solutions for B and e are indeed possible using Equation (2.267).
Substituting Equation (2.269) into the equation (H̃ − B)x̂TLS = ỹ− e, which is

equivalent to Equation (2.263), gives

U11ΣV T
11x̂TLS = U11Σw (2.271)

Multiplying out the partitions of V V T = I, V TV = I and UTU = I gives

V V T =

⎡

⎣
V11V T

11 + vvT V11w+ v22v

wTV T
11 + v22vT wT w+ v2

22

⎤

⎦=

⎡

⎣
In×n 0

0T 1

⎤

⎦ (2.272a)

V TV =

⎡

⎣
V T

11V11 + wwT V T
11v + v22w

vTV11 + v22wT vT v + v2
22

⎤

⎦=

⎡

⎣
In×n 0

0T 1

⎤

⎦ (2.272b)

UTU =

⎡

⎣
UT

11U11 UT
11u

uTU11 uT u

⎤

⎦=

⎡

⎣
In×n 0

0T 1

⎤

⎦ (2.272c)

From Equation (2.272c) we have UT
11U11 = In×n. So Equation (2.271) simply reduces

down to
V T

11x̂TLS = w (2.273)

Left multiplying both sides of this equation by V11 and using V11V T
11 = In×n− vvT

from Equation (2.272a) gives

(In×n−vvT )x̂TLS = V11w =−v22v (2.274)
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112 Optimal Estimation of Dynamic Systems

where the identity V11w + v22v = 0 was used from Equation (2.272a). Multiplying
both sides of Equation (2.274) by v22 and using v2

22 = 1−vT v from Equation (2.272b)
yields

v22(In×n−vvT )x̂TLS = vvT v−v (2.275)

The solution to Equation (2.275) is given by

x̂TLS =−v/v22 (2.276)

Hence, only the matrix V is required to be computed for the solution. Using this
solution, the loss function in Equation (2.262) can be shown to be given by s2

n+1,
which is left as an exercise for the reader.

Another form for the solution is possible. We begin by left multiplying Equa-
tion (2.264) by H̃T , which gives

H̃T H̃x̂TLS = H̃T Bx̂TLS + H̃T ỹ− H̃T e (2.277)

Substituting the expressions for H̃, B, and e from Equations (2.268) and (2.270) into
Equation (2.277) and using UT

11u = 0 leads to

H̃T H̃x̂TLS = s2
n+1vvT x̂TLS− s2

n+1v22v + H̃T ỹ (2.278)

Substituting Equation (2.276) into Equation (2.278) on the right-hand side of the
equation and using vT v = 1− v2

22 gives

H̃T H̃x̂TLS =−s2
n+1v/v22 + H̃T ỹ (2.279)

Using Equation (2.276) leads to the alternative form for the solution, given by28

x̂TLS = (H̃T H̃− s2
n+1I)−1H̃T ỹ (2.280)

Notice the resemblance to ridge estimation in §2.8.3, but here the positive multiple is
subtracted from H̃T H̃. Therefore, the total least squares problem is a deregularization
of the least squares problem, which means that it is always more ill-conditioned than
the ordinary least squares problem.

Total least squares has been shown to provide parameter error accuracy gains of
10 to 15 percent in typical applications.28 In order to quantify the bounds on the
difference between total least squares and ordinary least squares, we begin by using
the following identity:

(H̃T H̃− s2
n+1I)x̂LS = H̃T ỹ− s2

n+1x̂LS (2.281)

Subtracting Equation (2.281) from Equation (2.280) leads to

x̂TLS− x̂LS = s2
n+1(H̃

T H̃− s2
n+1I)−1x̂LS (2.282)

Using the norm inequality now leads to:

||x̂TLS− x̂LS||
||x̂LS|| ≤ s2

n+1

s̄2
n− s2

n+1

(2.283)
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Probability Concepts in Least Squares 113

where s̄n is the smallest singular value of H̃ and the assumption s̄n > sn+1 must be
valid. The accuracy of total least squares will be more pronounced when the ratio of
the singular values s̄n and sn+1 is large. The “errors-in-variables” estimator shown
in Ref. [29] coincides with the total least squares solution. This indicates that the
total least squares estimate is a strongly consistent estimate for large samples, which
leads to an asymptotic unbiasedness property. Ordinary least squares with errors in
H produces biased estimates as the sample size increases. However, the covariance
of total least squares is larger than the ordinary least squares covariance, but by in-
creasing the noise in the measurements the bias of ordinary least squares becomes
more important and even the dominating term.26 Several aspects and properties of
the total least squares problem can be found in the references cited in this section.

We now consider the case where the errors are element-wise uncorrelated and
non-stationary. For this case the covariance matrix is given by the following block
diagonal matrix:

R = blkdiag
[
R1 · · · Rm

]
(2.284)

where each Ri is an (n + 1)× (n + 1) matrix given by

Ri =
[
Rhhi Rhyi

RT
hyi

Ryyi

]
(2.285)

where Rhhi is an n×n matrix, Rhyi
is an n×1 vector, and Ryyi

is a scalar. Partition
the noise matrix U and the noise vector v by their rows:

U =

⎡

⎢
⎢
⎢
⎣

uT
1

uT
2
...

uT
m

⎤

⎥
⎥
⎥
⎦

, v =

⎡

⎢
⎢
⎢
⎣

v1

v2
...

vm

⎤

⎥
⎥
⎥
⎦

(2.286)

where each ui has dimension n× 1 and each vi is a scalar. The partitions in Equa-
tion (2.285) are then given by

Rhhi = E
{

uiuT
i

}
(2.287a)

Rhyi
= E {viui} (2.287b)

Ryyi
= E

{
v2

i

}
(2.287c)

Note that each Ri is allowed to be a fully populated matrix so that correlations be-
tween the errors in the individual ith row of U and the ith element of v can exist.
When Rhyi

is zero then no correlations exists.
Partition the matrices D̃, D̂, and H̃, and the vector ỹ by their rows:

D̃ =

⎡

⎢⎢
⎢
⎣

d̃T
1

d̃T
2
...

d̃T
m

⎤

⎥⎥
⎥
⎦

, D̂ =

⎡

⎢⎢
⎢
⎣

d̂T
1

d̂T
2
...

d̂T
m

⎤

⎥⎥
⎥
⎦

, H̃ =

⎡

⎢⎢
⎢
⎣

h̃T
1

h̃T
2
...

h̃T
m

⎤

⎥⎥
⎥
⎦

, ỹ =

⎡

⎢⎢
⎢
⎣

ỹ1

ỹ2
...

ỹm

⎤

⎥⎥
⎥
⎦

(2.288)
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114 Optimal Estimation of Dynamic Systems

where each d̃i and d̂i has dimension (n + 1)× 1, each h̃i has dimension n× 1, and
each ỹi is a scalar. For the element-wise uncorrelated and non-stationary case, the
constrained loss function in Equation (2.261) can be converted to an equivalent un-
constrained one.30 The loss function in Equation (2.261) reduces down to

J(x̂) =
1
2

m

∑
i=1

(d̃i− d̂i)T R−1
i (d̃i− d̂i), s.t. d̂T

j ẑ = 0, j = 1, 2, . . . , m (2.289)

The loss function is rewritten into an unconstrained one by determining a solution
for d̂i and substituting its result back into Equation (2.289). To accomplish this task
the loss function is appended using Lagrange multipliers (Appendix D), which gives
the following loss function:

J′(d̂i) = λ1d̂T
1 ẑ+λ2d̂T

2 ẑ+ · · ·+λmd̂T
mẑ +

1
2

m

∑
i=1

(d̃i− d̂i)T R−1
i (d̃i− d̂i) (2.290)

where each λi is a Lagrange multiplier. Taking the partial of Equation (2.290) with
respect to each d̂i leads to the following m necessary conditions:

R−1
i d̂i−R−1

i d̃i +λiẑ = 0, i = 1, 2, . . . , m (2.291)

Left multiplying Equation (2.291) by ẑT Ri and using the constraint d̂T
i ẑ = 0 leads to

λi =
ẑT d̃i

ẑT Ri ẑ
(2.292)

Substituting Equation (2.292) into Equation (2.291) leads to

d̂i =
[

I(n+1)×(n+1)−
Riẑ ẑT

ẑT Ri ẑ

]
d̃i (2.293)

where I(n+1)×(n+1) is an (n + 1)× (n + 1) identity matrix. If desired, the specific

estimates for hi and yi, denoted by ĥi and ŷi, respectively, are given by

ĥi = h̃i−
(Rhhi x̂−Rhyi

)ei

ẑT Ri ẑ
(2.294a)

ŷi = ỹi−
(RT

hyi
x̂−Ryyi

)ei

ẑT Ri ẑ
(2.294b)

where ei ≡ h̃T
i x̂− ỹi. Substituting Equation (2.293) into Equation (2.289) yields the

following unconstrained loss function:

J(x̂) =
1
2

m

∑
i=1

(d̃T
i ẑ)2

ẑT Ri ẑ
(2.295)

Note that Equation (2.295) represents a non-convex optimization problem. The nec-
essary condition for optimality gives

∂J(x̂)
∂ x̂

=
m

∑
i=1

ei h̃i

x̂T Rhhi x̂−2RT
hyi

x̂+Ryyi

− e2
i (Rhhi x̂−Rhyi

)
(x̂T Rhhi x̂−2RT

hyi
x̂+Ryyi)

2
= 0 (2.296)
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Probability Concepts in Least Squares 115

A closed-form solution is not possible for x̂. An iteration procedure is provided us-
ing:31

x̂( j+1) =

[
m

∑
i=1

h̃ih̃T
i

γi(x̂( j))
− e2

i (x̂
( j))Rhhi

γ2
i (x̂( j))

]−1[ m

∑
i=1

ỹih̃i

γi(x̂( j))
− e2

i (x̂
( j))Rhyi

γ2
i (x̂( j))

]

(2.297a)

γi(x̂( j))≡ x̂( j)T Rhhi x̂
( j)−2RT

hyi
x̂( j) +Ryyi (2.297b)

ei(x̂( j))≡ h̃T
i x̂( j)− ỹi (2.297c)

where x̂( j) denotes the estimate at the jth iteration. Typically, the initial estimate is
obtained by employing the closed-form solution algorithm for the element-wise un-
correlated and stationary case (shown later), using the average of all the covariances
in that algorithm.

The Fisher information matrix for the total least squares estimate, derived in
Ref. [32], is given by

F =
m

∑
i=1

hihT
i

zT Ri z
(2.298)

Reference [32] proves that the error-covariance is equivalent to the inverse of F in
Equation (2.298). Note that the requirements for the inverse of F to exist are identical
to the standard linear least error covariance existence, i.e., n linearly independent ba-
sis functions must exist and n≤m must be true. Also, if Rhhi and Rhyi

are both zero,
meaning no errors exist in the basis functions, then the Fisher information matrix
reduces down to

F =
m

∑
i=1

R−1
yyi

hihT
i (2.299)

which is equivalent to the Fisher information matrix for the standard least squares
problem.

We now consider the case where the errors are element-wise uncorrelated and
stationary. For this case R is assumed to have a block diagonal structure:

R = diag
[
R · · · R

]
(2.300)

where R is an (n + 1)× (n + 1) matrix. Note that the last diagonal element of the
matrix R is the variance associated with the measurement errors. First the Cholesky
decomposition of R is taken (see §B.4): R = CTC where C is defined as an upper
block diagonal matrix. Partition the inverse as

C−1 =

⎡

⎣
C11 c

0T c22

⎤

⎦ (2.301)

where C11 is an n×n matrix, c is an n×1 vector, and c22 is a scalar. The solution is
giving by taking the singular value decomposition of the following matrix:

D̃C−1 = USV T (2.302)
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116 Optimal Estimation of Dynamic Systems

where the reduced form is again used, with S = diag
[
s1 · · · sn+1

]
, U is an m×(n+1)

matrix, and V is an (n + 1)× (n + 1) matrix partitioned in a similar manner as the
C−1 matrix:

V =

⎡

⎣
V11 v

wT v22

⎤

⎦ (2.303)

where V11 is an n×n matrix, v is an n×1 vector, and v22 is a scalar. The total least
squares solution assuming an isotropic error process, i.e., R is a scalar times identity
matrix with R = σ2I, is

x̂ITLS =−v/v22 (2.304)

where v and v22 are taken from the V matrix in Equations (2.302) and (2.303) now.
Note that Equations (2.276) and (2.304) are equivalent when R = σ2I. But Equa-
tion (2.280) needs to be slightly modified in this case:

x̂ITLS = (H̃T H̃− s2
n+1σ

2I)−1H̃T ỹ (2.305)

where sn+1 is taken from the matrix S of Equation (2.302) now. The final solution is
then given by

x̂TLS = (C11x̂ITLS− c)/c22 (2.306)

Clearly, if R =σ2I, then x̂TLS = x̂ITLS because C11 =σ−2In×n, c = 0, and c22 =σ−2.
The estimate for D is given by

D̂ = UnSnV T
n C (2.307)

where Un is the truncation of the matrix U to m×n, Sn is the truncation of the matrix
S to n× n, and Vn is the truncation of the matrix V to (n + 1)× n. For this case the
Fisher information matrix in Equation (2.298) simplifies to

F =
1

zT R z

m

∑
i=1

hihT
i (2.308)

The solution summary is as follows. First, form the augmented matrix, D̃, in Equa-
tion (2.260) and take the Cholesky decomposition of the covariance R. Take the in-
verse of C and obtain the matrix partitions shown in Equation (2.301). Then, take the
reduced-form singular value decomposition of the matrix D̃C−1, as shown in Equa-
tion (2.302), and obtain the matrix partitions shown in Equation (2.303). Obtain the
isotropic solution using Equation (2.304) and obtain the final solution using Equa-
tion (2.306). Compute the error-covariance using the inverse of Equation (2.308).

Example 2.12: We will show the advantages of total least squares by reconsidering
the problem of estimating the parameters of a simple dynamic system shown in ex-
ample 1.2. To compare the accuracy of total least squares with ordinary least squares,
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Probability Concepts in Least Squares 117

we will use the square root of the diagonal elements of a mean-squared-error (MSE)
matrix, defined as

MSE = E
{
(x̂−x)(x̂−x)T

}

= E
{
(x̂−E{x̂})(x̂−E{x̂})T

}
+
{
(E{x̂}−x)(E{x̂}−x)T

}

= cov{x̂}+ squared bias{x̂}

For this particular problem, it is known that u is given by an impulse input with
magnitude 10/Δt (i.e., u1 = 10/Δt and uk = 0 for k ≥ 2). A total of 10 seconds is
considered with sampling intervals ranging from Δt = 2 seconds down to Δt = 0.001
seconds. Synthetic measurements are again generated with σ = 0.08. This example
tests the accuracy of both approaches for various measurement sample lengths (i.e.,
from 5 samples when Δt = 2 to 10,000 samples when Δt = 0.001). For each simula-
tion 1,000 runs were performed, each with different random number seeds. Results
for Φ̂ are given in the following table:

Δt bias{Φ̂}LS bias{Φ̂}TLS

√
MSE{Φ̂}LS

√
MSE{Φ̂}TLS

2 3.12×10−4 3.89×10−4 1.82×10−2 1.83×10−2

1 5.52×10−4 2.43×10−4 1.12×10−2 1.12×10−2

0.5 1.03×10−3 3.67×10−4 6.36×10−3 6.28×10−3

0.1 1.24×10−3 9.68×10−5 1.99×10−3 1.54×10−3

0.05 1.23×10−3 2.30×10−5 1.47×10−3 7.90×10−4

0.01 1.26×10−3 7.08×10−6 1.28×10−3 1.62×10−4

0.005 1.27×10−3 3.48×10−6 1.27×10−3 8.26×10−5

0.001 1.28×10−3 5.32×10−7 1.27×10−3 1.60×10−5

Results for Γ̂ are given in the following table:

Δt bias{Γ̂}LS bias{Γ̂}T LS

√
MSE{Γ̂}LS

√
MSE{Γ̂}TLS

2 1.37×10−4 1.11×10−4 8.37×10−3 8.78×10−3

1 1.32×10−4 6.24×10−5 6.64×10−3 6.71×10−3

0.5 1.29×10−4 2.25×10−5 4.76×10−3 4.76×10−3

0.1 1.52×10−5 2.11×10−5 1.07×10−3 1.07×10−3

0.05 2.71×10−5 2.87×10−5 5.61×10−4 5.62×10−4

0.01 7.04×10−6 7.10×10−6 1.12×10−4 1.13×10−4

0.05 2.02×10−6 2.00×10−6 5.90×10−5 5.91×10−5

0.001 1.79×10−7 2.78×10−7 1.10×10−5 1.11×10−5

These tables indicate that when using a small sample size ordinary least squares
and total least squares have the same accuracy. However, as the sampling interval
decreases (i.e., giving more measurements), the bias in Φ̂ increases using ordinary
least squares, but substantially decreases using total least squares. Also, the bias is the
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Figure 2.6: Measurements, Estimate Errors, and 3σ Boundaries

dominating term in the MSE when the sample size is large. Results for Γ̂ indicate that
the ordinary least squares estimate is comparable to the total least squares estimate.
This is due to the fact that u contains no errors. Nevertheless, this example clearly
shows that improvements in the state estimates can be made using total least squares.

Example 2.13: Here, we give another example using the total least squares concept
for curve fitting. The true H and x quantities are given by

H =
[
1 sin(t) cos(t)

]
, x =

⎡

⎣
1

0.5
0.3

⎤

⎦
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Probability Concepts in Least Squares 119

A fully populated R matrix is used in this example, with

R =

⎡

⎢
⎢
⎣

1×10−4 1×10−6 1×10−5 1×10−9

1×10−6 1×10−2 1×10−7 1×10−6

1×10−5 1×10−7 1×10−3 1×10−6

1×10−9 1×10−6 1×10−6 1×10−4

⎤

⎥
⎥
⎦

Synthetic measurements are generated using a sampling interval of 0.01 seconds to
a final time of 10 seconds. One thousand Monte Carlo runs are executed. Figure 2.6
shows plots of the measurements and estimate errors along with their 3σ boundaries.
Clearly, the computed covariance can be used to provide accurate 3σ boundaries of
the actual errors. The Monte Carlo runs are also used to compute numerical values for
the biases and MSE associated with the isotropic solution, given by Equation (2.304),
and the full solution, given by Equation (2.306). The biases for both solutions, com-
puted by taking the mean of the Monte Carlo estimates and subtracting x, are by
given by

bITLS =

⎡

⎣
3.4969×10−2

4.4996
6.4496×10−1

⎤

⎦ , bTLS =

⎡

⎣
−2.4898×10−5

6.1402×10−5

−2.7383×10−5

⎤

⎦

This shows that the fully populated R matrix can have a significant effect on the so-
lution. Clearly, if this matrix is assumed to be isotropic in the total least squares
solution, then significant errors may exist. This is also confirmed by computing
the trace of both MSE matrices, which are given by Tr(MSEITLS) = 20.665 and
Tr(MSETLS) = 1.4504×10−5.

2.9 Summary

In this chapter we have presented several approaches to establish a class of lin-
ear estimation algorithms, and we have developed certain important properties of
the weighting matrix used in weighted least squares. The end products of the de-
velopments for minimum variance estimation in §2.1.1 and maximum likelihood es-
timation in §2.5 are seen to be equivalent for Gaussian measurement errors to the
linear weighted least squares results of §1.2.2, with interpretation of the weight ma-
trix as the measurement error covariance matrix. An interesting result is that several
different theoretical/conceptual estimation approaches give the same estimator. In
particular, when weighing the advantages and disadvantages of each approach one
realizes that maximum likelihood provides a solution more directly than minimum
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120 Optimal Estimation of Dynamic Systems

variance, since a constrained optimization problem is not required. Also the maxi-
mum likelihood accommodates general measurement error distributions, so in prac-
tice, maximum likelihood estimation is usually preferred over minimum variance.
Several useful properties were also derived in this chapter, including unbiased esti-
mates and the Cramér-Rao inequality. In estimation of dynamic systems, an unbiased
estimate is always preferred, if obtainable, over a biased estimate. Also, an efficient
estimator, which is achieved if the equality in the Cramér-Rao inequality is satisfied,
gives the lowest estimation error possible from a statistical point of view. This allows
the design engineer to quantify the performance of an estimation algorithm using a
covariance analysis on the expected performance.

The interpretation of the a priori estimates in §2.1.2 is given as a measurement
subset in the sequential least squares developments of §1.3. Several other approaches,
such as maximum a posteriori estimation and minimum risk estimation of §2.7, were
shown to be equivalent to the minimum variance solution of §2.1.2. Each of these
approaches provides certain illuminations and useful insights. Maximum a posteriori
estimation is usually preferred over the other approaches since it follows many of
the same principles and properties of maximum likelihood estimation, and in fact
reduces to the maximum likelihood estimate if the a priori distribution is uniform or
for large samples. The Cramér-Rao bound for a priori estimation was also shown,
which again provides a lower bound on the estimation error.

In §2.8.1 a discussion of the nonuniqueness of the weight matrix was given. It
should be noted that specification and calculations involving the weight matrices are
the source of most practical difficulties encountered in applications. Additionally, an
analysis of errors in the assumed measurement error covariance matrix was shown
in §2.8.2. This analysis can be useful to quantify the expected performance of the
estimate in the face of an incorrectly defined measurement error covariance matrix.
Ridge estimation, shown in §2.8.3, is useful for the case of weak multicollinear sys-
tems. This case involves the near ill-conditioning of the matrix to be inverted in the
least squares solutions. It has also been established that the ridge estimate covariance
is less than the least squares estimate covariance. However, if the least squares solu-
tion is well posed, then the advantage of a lower covariance is strongly outweighed
by the inevitable biased estimate in ridge estimation. Also, a connection between
ridge estimation and a priori state estimation has been established by noting the
resemblance of the ridge parameter to the a priori covariance. Finally, total least
squares, shown in §2.8.4, can give significant improvements in the accuracy of the
estimates over ordinary least squares if errors are present in the model matrix. This
approach synthesizes an optimal methodology for solving a variety of problems in
many dynamic system applications.

A summary of the key formulas presented in this chapter is given below.

• Gauss-Markov Theorem

ỹ = Hx + v

E {v}= 0, E
{

v vT}= R

x̂ = (HT R−1H)−1HT R−1ỹ
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Probability Concepts in Least Squares 121

• A priori Estimation

ỹ = Hx + v

E {v}= 0, E
{

v vT}= R

x̂a = x + w

E {w}= 0, E
{

w wT}= Q

x̂ =
(
HT R−1H + Q−1)−1 (

HT R−1ỹ+ Q−1x̂a
)

• Unbiased Estimates
E {x̂k(ỹ)}= x for all k

• Cramér-Rao Inequality

P≡ E
{
(x̂−x)(x̂−x)T

}
≥ F−1

F =−E

{
∂ 2

∂x∂xT ln[p(ỹ|x)]
}

• Constrained Least Squares Covariance

x̂ = x̄+ K(ỹ2−H2x̄)

K = (HT
1 R−1H1)−1HT

2

[
H2(HT

1 R−1H1)−1HT
2

]−1

x̄ = (HT
1 R−1H1)−1HT

1 R−1ỹ1

P = (I−KH2)P̄

P̄ = (HT
1 R−1H1)−1

• Maximum Likelihood Estimation

L(ỹ|x) =
q

∏
i=1

p(ỹi|x)

{
∂
∂x

ln [L(ỹ|x)]
}∣∣
∣
∣
x̂
= 0

• Bayes’ Rule

p(x|ỹ) =
p(ỹ|x)p(x)

p(ỹ)

• Maximum a posteriori Estimation

JMAP(x̂) = ln [L(ỹ|x̂)]+ ln [p(x̂)]
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122 Optimal Estimation of Dynamic Systems

• Cramér-Rao Inequality for Bayesian Estimators

P≡ E
{

(x̂−x)(x̂−x)T
}

≥
[

F + E

{[
∂
∂x

ln[p(x)]
][

∂
∂x

ln[p(x)]
]T
}]−1

• Minimum Risk Estimation

JMR(x∗) =
∫ ∞

−∞
c(x∗|x)

p(ỹ|x)p(x)
p(ỹ)

dx

c(x∗|x) =
1
2
(x∗ −x)T S(x∗ −x)

x̂ =
∫ ∞

−∞
x

p(ỹ|x)p(x)
p(ỹ)

dx

• Inefficiency for Covariance Errors

e =
det
[
(HT R̃−1H)−1HT R̃−1R R̃−1H(HT R̃−1H)−1

]

det [(HT R−1H)−1]

• Ridge Estimation
x̂ = (HT H +φ I)−1HT ỹ

• Total Least Squares

ỹ = y + v

H̃ = H +U

R = CTC

C−1 =

⎡

⎣
C11 c

0T c22

⎤

⎦

D̃≡ [H̃ ỹ
]

D̃C−1 = USV T

V =

⎡

⎣
V11 v

wT v22

⎤

⎦

x̂ITLS =−v/v22

x̂TLS = (C11x̂ITLS− c)/c22
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Probability Concepts in Least Squares 123

Exercises
2.1 Consider estimating a constant unknown variable x, which is measured twice

with some error

ỹ1 = x+v1

ỹ2 = x+v2

where the random errors have the following properties:

E {v1}= E {v2}= E {v1v2}= 0

E
{

v2
1

}
= 1

E
{

v2
2

}
= 4

Perform a weighted least squares solution with H =
[
1 1
]T for the following

two cases:

W =
1
2

[
1 0
0 1

]

and

W =
1
4

[
4 0
0 1

]

Compute the variance of the estimation error (i.e., E
{
(x− x̂)2

}
) and compare

the results.

2.2 Write a simple computer program to simulate measurements of some dis-
cretely measured process

ỹ j = x1 +x2 sin(10t j)+x3e2t2
j +v j, j = 1, 2, . . . , 11

with t j sampled every 0.1 seconds. The true values (x1, x2, x3) are (1, 1, 1)
and the measurement errors are synthetic Gaussian random variables with
zero mean. The measurement-error covariance matrix is diagonal with

R = E
{

vvT
}

= diag
[
σ2

1 σ2
2 · · · σ2

11

]

where
σ1 = 0.001 σ2 = 0.002 σ3 = 0.005 σ4 = 0.010
σ5 = 0.008 σ6 = 0.002 σ7 = 0.010 σ8 = 0.007
σ9 = 0.020 σ10 = 0.006 σ11 = 0.001

You are also given the a priori x-estimates

x̂T
a = (1.01, 0.98, 0.99)

and associated a priori covariance matrix

Q =

⎡

⎣
0.001 0 0

0 0.001 0
0 0 0.001

⎤

⎦
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124 Optimal Estimation of Dynamic Systems

Your tasks are as follows:

(A) Use the minimal variance estimation version of the normal equations

x̂ = P
(

HT R−1ỹ+Q−1x̂a

)

to compute the parameter estimates and estimate covariance matrix

P =
(

HT R−1H +Q−1
)−1

with the jth row of H given by
[
1 sin(10t j) e2t2

j

]
. Calculate the mean and

standard deviation of the residual

r j = ỹ j−
(

x̂1 + x̂2 sin(10t j)+ x̂3e2t2
j

)

as

r =
1

11

11

∑
j=1

r j

σr =

[
1
10

11

∑
j=1

r2
j

] 1
2

(B) Do a parametric study in which you hold the a priori estimate covariance
Q fixed, but vary the measurement-error covariance according to

R′ = αR

with α = 10−3, 10−2, 10−1, 10, 102, 103. Study the behavior of the calculated
results for the estimates x̂, the estimate covariance matrix P, and mean r
and standard deviation σr of the residual.

(C) Do a parametric study in which R is held fixed, but Q is varied according
to

Q′ = αQ

with α taking the same values as in (B). Compare the results for the esti-
mates x̂, the estimate covariance matrix P, and mean r and standard devia-
tion σr of the residual with those of part (B).

2.3 Suppose that v in exercise 1.3 is a constant vector (i.e., a bias error). Evaluate
the loss function (2.138) in terms of vi only and discuss how the value of the
loss function changes with a bias error in the measurements instead of a
zero mean assumption.

2.4 A “Monte Carlo” approach to calculating covariance matrices is often neces-
sary for nonlinear problems. The algorithm has the following structure: Given
a functional dependence of two sets of random variables in the form

zi = Fi(y1, y2, . . . , ym), i = 1, 2, . . . , n
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Probability Concepts in Least Squares 125

where the y j are random variables whose joint probability density function
is known and the Fi are generally nonlinear functions. The Monte Carlo ap-
proach requires that the probability density function of y j be sampled many
times to calculate corresponding samples of the zi joint distribution. Thus,
if the kth particular sample (“simulated measurement”) of the y j values is
denoted as

(ỹ1k, ỹ2k, . . . , ỹmk), k = 1, 2, . . . , q

then the corresponding zi sample is calculated as

zik = Fi(ỹ1k, ỹ2k, . . . , ỹmk), k = 1, 2, . . . , q

The first two moments of zi’s joint density function are then approximated by

μi = E {zik} �
1
q

q

∑
k=1

zik

and

R̂ = E
{

(z−μ)(z−μ)T
}
� 1

q−1

q

∑
k=1

[zk−μ][zk−μ]T

where

zT
k ≡ (z1k, z2k, . . . , znk)

μT ≡ (μ1, μ2, . . . , μn)

The Monte Carlo approach can be used to experimentally verify the interpre-
tation of P = (HT R−1H)−1 as the x̂ covariance matrix in the minimal variance
estimate

x̂ = PHT R−1ỹ

To carry out this experiment, use the model in exercise 2.2 to simulate
q = 100 sets of y-measurements. For each set (e.g., the kth) of the mea-
surements, the corresponding x̂ follows as

x̂k = PHT R−1ỹk

Then, the x̂ mean and covariance matrices can be approximated by

μx = E {x̂} � 1
q

q

∑
k=1

x̂k

and

R̂exex = E
{

(x̂−μx)(x̂−μx)T
}
� 1

q−1

q

∑
k=1

[x̂k−μx][x̂k−μx]T

In your simulation R̂exex should be compared element-by-element with the
covariance P = (HT R−1H)−1, whereas μx should compare favorably with the
true values xT = (1, 1, 1).

2.5 Let ỹ∼N (μ,R). Show that

μ̂ =
1
q

q

∑
k=1

ỹi

is an efficient estimator for the mean.
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126 Optimal Estimation of Dynamic Systems

2.6 Consider estimating a constant unknown variable x, which is measured twice
with some error

ỹ1 = x+v1

ỹ2 = x+v2

where the random errors have the following properties:

E {v1}= E {v2}= 0

E
{

v2
1

}
= σ2

1

E
{

v2
2

}
= σ2

2

The errors follow a bivariate normal distribution with the joint density function
given by

p(v1,v2) =
1

2πσ1σ2(1−ρ2)
exp

[

− 1
2(1−ρ2)

(
v2

1

σ2
1

− 2ρv1v2

σ1σ2
+

v2
2

σ2
2

)]

where the correlation coefficient, ρ, is defined as

ρ ≡ E {v1v2}
σ1σ2

Derive the maximum likelihood estimate for x. Also, how does the estimate
change when ρ = 0?

2.7 Suppose that z1 is the mean of a random sample of size m from a normal
distributed system with mean μ and variance σ2

1 , and z2 is the mean of a
random sample of size m from a normal distributed system with mean μ and
variance σ2

2 . Show that μ̂ = αz1 +(1−α)z2, where 0≤ α ≤ 1, is an unbiased
estimate of μ. Also, show that the variance of the estimate is minimum when
α = σ2

2 (σ2
1 +σ2

2 )−1.

2.8 Show that if x̂ is an unbiased estimate of x and var{x̂} does not equal 0, then
x̂2 is not an unbiased estimate of x2.

2.9 If x̂ is an estimate of x, its bias is b = E {x̂}− x. Show that E
{

(x̂−x)2
}

=

var{x̂}+b2.

2.10 Prove that the a priori estimator given in Equation (2.47) is unbiased when
MH +N = I and n = 0.

2.11 Prove that the Cramér-Rao inequality given by Equation (2.100) achieves
the equality if and only if

∂
∂x

ln[p(ỹ|x)] = c (x− x̂)

where c is independent of x and ỹ.

© 2012 by Taylor & Francis Group, LLC

D
ow

nl
oa

de
d 

by
 [

U
ta

h 
St

at
e 

U
ni

ve
rs

ity
] 

at
 2

3:
07

 0
3 

D
ec

em
be

r 
20

13
 



Probability Concepts in Least Squares 127

2.12 Suppose that an estimator of a non-random scalar x is biased, with bias
denoted by b(x). Show that a lower bound on the variance of the estimate x̂
is given by

var(x̂−x) ≥
(

1− db
dx

)2

J−1

where

J = E

{[
∂
∂x

ln[p(ỹ|x)]
]2
}

and
b(x) ≡

∫ ∞

−∞
(x− x̂)p(ỹ|x) dỹ

2.13 Prove that Equation (2.102) is equivalent to Equation (2.101).

2.14 Perform a simulation of the parameter identification problem shown in ex-
ample 2.3 with B = 10 and varying σ for the measurement noise. Compare
the nonlinear least squares solution to the linear approach for various noise
levels. Also, check the performance of the two approaches by comparing P
with P . At what measurement noise level does the linear solution begin to
degrade from the nonlinear least squares solution?

2.15 ♣ In example 2.3 an expression for the variance of the new measurement
noise, denoted by εk, is derived. Prove the following expression:

E

⎧
⎨

⎩

(
vk

Beatk
− v2

k

2B2e2atk

)2
⎫
⎬

⎭
=

σ2

B2e2atk
+

3σ4

4B4e4atk

Hint: use the theory behind χ2 distributions.

2.16 Given that the likelihood function for a Poisson distribution is

L(ỹi|x) =
xỹi e−x

ỹi!
, for ỹi = 0, 1, 2, . . .

find the maximum likelihood estimate of x from a set of m measurement
samples.

2.17 Reproduce the simulation case shown in example 2.4. Develop your own
simulation using a different set of basis functions and measurements.

2.18 Find the maximum likelihood estimate of σ instead of σ2 in example 2.5 to
show that the invariance principle specifically applies to this example.

2.19 Prove that the estimate for the covariance in example 2.7 is biased. Also,
what is the unbiased estimate?

2.20 ♣ Prove the inequality in Equation (2.162).
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128 Optimal Estimation of Dynamic Systems

2.21 Prove that Equation (2.170) is equivalent to Equation (2.169).

2.22 The parallel axis theorem was used several times in this chapter to derive the
covariance expression, e.g., in Equation (2.186). Prove the following identity:

E
{
(x−E {x})(x−E {x})T

}
= E

{
x xT
}
−E {x}E {x}T

2.23 Fully derive the density function given in Equation (2.188).

2.24 Show that eT R−1e is equivalent to Tr
(
R−1E

)
with E = e eT .

2.25 Prove that E
{

xT Ax
}

= μT Aμ+Tr (AΞ), where E {x} =μ and cov(x) = Ξ.

2.26 Prove the following results for the a priori estimator in Equation (2.191):

E
{

x x̂T
}

= E
{

x̂ x̂T
}

(
HT R−1H +Q−1

)−1
= E

{
x xT
}
−E
{

x̂ x̂T
}

E
{

x xT
}
≥ E

{
x̂ x̂T
}

2.27 Consider the 2×2 case for R̃ and R in Equation (2.219). Verify that the inef-
ficiency e in Equation (2.230) is bounded by

1≤ e≤ (λmax +λmin)2

4λmaxλmin

where λmax and λmin are the maximum and minimum eigenvalues of the
matrix R̃−1/2R R̃−1/2. Note, this inequality does not generalize to the case
where m≥ 3.

2.28 ♣ An alternative to minimizing the trace of ϒ in §2.8.3 is to minimize the
generalized cross-validation (GRV) error prediction,33 given by

σ̂2 =
m ỹT P2ỹ

Tr(P)2

where m is the dimension of the vector ỹ and P is a projection matrix, given
by

P = I−H(HT H +φ I)−1HT

Determine the minimum of the GRV error, as a function of the ridge param-
eter φ . Also, prove that P is a projection matrix.

2.29 Consider the following model:

y = x1 +x2t +x3t2
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Probability Concepts in Least Squares 129

(x1, x2)
t1 t2 t3 t4t0

1 2

Landmark

Robot Moves

Figure 2.7: Robot Navigation Problem

Create a set of 101 noise-free observations at 0.01-second intervals with
x1 = 3, x2 = 2, and x3 = 1. Form the H matrix to be used in least squares with
basis functions given by

{
1, t, t2, 2t +3t2

}
. Show that H is rank deficient.

Use the ridge estimator in Equation (2.231) to determine the parameter es-
timates with the aforementioned basis functions. How does varying φ affect
the solution?

2.30 Write a computer program to reproduce the total least squares results shown
in example 2.12.

2.31 Write a computer program to reproduce the total least squares results shown
in example 2.13. Pick different values for the quantities H, x, and especially
R, and access the differences between the isotropic solution and the full
solution.

2.32 This example uses total least squares to determine the best estimate of a
robot’s position. A diagram of the simulated robot example is shown in Fig-
ure 2.7. It is assumed that the robot has identified a single landmark with
known location in a two-dimensional environment. The robot moves along
some straight line with a measured uniform velocity. The goal is to estimate
the robot’s starting position, denoted by (x1, x2), relative to the landmark. The
landmark is assumed to be located at (0, 0) meters. Angle observations, de-
noted by αi, between its direction of heading and the landmark are provided.
The angle observation equation follows

cot(αi) =
x1 + ti v

x2

where ti is the time at the ith observation and v is the velocity. The total least
squares model is given by

hi =
[ −1

cot(αi)

]
, x =

[
x1
x2

]
, yi = tiv
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130 Optimal Estimation of Dynamic Systems

so that yi = hT
i x. Measurements of both αi and v are given by

α̃i = αi +δαi

ṽi = v+δvi

where δαi and δvi are zero-mean Gaussian white-noise processes with vari-
ances σ2

α and σ2
v , respectively. The variances of both the errors in cot(α̃i) and

ỹi = tiṽi are required. Assuming δαi is small, then the following approximation
can be used:

cot(αi +δαi)≈ 1−δαi tan(αi)
tan(αi)+δαi

Using the binomial series for a first-order expansion of (tan(αi) + δαi)−1

leads to

cot(αi +δαi)≈ [1−δαi tan(αi)][1−δαicot(αi)]
tan(αi)

= cot(αi)−δαicsc2(αi)+δα2
i cot(αi)

Hence, the variance of the errors for cot(α̃i) is given by σ2
αcsc4(αi) +

3σ4
αcot2(αi). The variance of the errors for ỹi is simply given by t2

i σ
2
v , which

grows with time. Therefore, the matrix Ri is given by

Ri =

⎡

⎣
0 0 0
0 σ2

αcsc4(αi)+3σ4
α cot2(αi) 0

0 0 t2
i σ

2
v

⎤

⎦

Since this varies with time, the non-stationary total least squares solution
must be employed. The estimate is determined using the iteration procedure
shown by Equation (2.297).

In the simulation the location of the robot at the initial time is given by
(−10,−10) meters and its velocity is given by 1 m/sec. The variances are
given by σ2

α = (0.1π/180)2 rad2 and σ2
v = 0.01 m2/s2. The final time of the

simulation run is 10 seconds and measurements of α and v are taken at
0.01 second intervals. Execute 5,000 Monte Carlo runs in order to compare
the actual errors with the computed 3σ bounds using the inverse of Equa-
tion (2.298).

2.33 Using B and e from Equation (2.270), compute ||[B e
] ||2F and show that it

reduces to s2
n+1.

2.34 ♣ Derive the total least squares solution given in Equation (2.306).

2.35 Suppose that the matrix R in Equation (2.300) is a diagonal matrix, parti-
tioned as

R =
[
R11 0
0T r22

]

where R11 is an n× n diagonal matrix and r22 is a scalar associated with
measurement error variance. Discuss the relationship between the total
least squares solution and the regular least squares solution when the ra-
tio R11/r22 approaches zero.
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Probability Concepts in Least Squares 131

2.36 Total least squares can also be implemented using a matrix of measurement
outputs, denoted by the m× q matrix Ỹ . The truth is Y = HX , where X is a
matrix now. The matrix R now has dimension (n+q)× (n+q). The solution
is given by computing the reduced form of the singular value decomposition
of
[
H̃ Ỹ
]
C−1 = USV T , where C is given from the Cholesky decomposition of

R. The matrices C−1 and V are partitioned as

C−1 =

⎡

⎣
C11 C12

0 C22

⎤

⎦ , V =

⎡

⎣
V11 V12

V21 V22

⎤

⎦

where C11 are V11 are n× n matrices, C12 and V12 are n× q matrices, and
C22 and V22 are q×q matrices. If n ≥ q then compute X̂ITLS =−V12V−1

22 , else
compute X̂ITLS = V−T

11 V T
21. Then, the total least squares solution is given by31

X̂TLS = (C11x̂ITLS−C12)C−1
22

In this exercise you will expand upon the simulation given in example 2.13.
The true H and X quantities are given by

H =
[
1 sin(t) cos(t)

]
, X =

⎡

⎣
1 0

0.5 0.4
0.3 0.7

⎤

⎦

A fully populated R matrix is again assumed with

R =

⎡

⎢
⎢
⎢
⎢
⎣

1×10−4 1×10−6 1×10−5 1×10−9 1×10−4

1×10−6 1×10−2 1×10−7 1×10−6 1×10−5

1×10−5 1×10−7 1×10−3 1×10−6 1×10−6

1×10−9 1×10−6 1×10−6 1×10−4 1×10−5

1×10−4 1×10−5 1×10−6 1×10−5 1×10−3

⎤

⎥
⎥
⎥
⎥
⎦

Create synthetic measurements using a sampling interval of 0.01 seconds to
a final time of 10 seconds. Then, compute the total least squares solution.

2.37 In this problem an expression for the covariance of the estimation errors for
the isotropic total least squares problem will be derived. The error models in
v and δv22 are represented by v = v̄+δv and v22 = v̄22 +δv22, where v̄ and
v̄22 are the true values of v and v22, respectively, and δv and δv22 are random
errors with zero mean. Substitute these expressions into Equation (2.304).
Using a binomial expansion of the denominator of Equation (2.304) and ne-
glecting higher-order terms, show that the covariance of the estimate errors
for x̂ITLS is given by

PITLS = v̄−2
22 E

{
δvδvT

}
+ v̄−4

22 v̄ v̄T E
{
δv2

22

}

− v̄−3
22 E {δv22δv} v̄T − v̄−3

22 v̄E
{
δv22δvT

}
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