Series Tests for Convergence/Divergence

Test Suppositions Conclusion
Test for Divergence '

If limy,, a,, does not exist or

[}
: If you can see that lim;,,c @, # 0, use Test | e
' if im0 ap # 0
1

! for Divergence

Yo, an diverges

Integral Test Suppose function f(x) is :
O . ® continuous on [k, o) If [, £ (x) dx converges " | Xa=k an converges
Use Integral Test if flm fxd e positive on [k, ) -

is easily evaluated. e ultimately decreasing

x®

----------------------- - (f'(x) < 0forx>N) o ; o di
. a,=f) If f, f(x)dx diverges Yn=k @y diverges
Comparison Test J Suppose If 3. b,, converges and

___________________________ -
Consider using a comparison (or limit 1 Z a{‘_and Z bn have
positive terms for all

T comparison) test for series that have
n=N

' Y. a, converges
:
1
 form similar to a p-series ora H
i
]
1
1

a, <b,Vvn=N

1
. If 3, b, diverges and .
1, geometric series. Rational functions * Nofe. 2by is a known . ap=b,Vn=N Y. a, diverges
ﬂ should be compared with p-series. series, us.ually .the p-series or
__________________________ r- - geometric series.
Limit Comparison Test J Suppose ' Iflim,,_, 00 ‘;” =c _both series converge

--1 o Ya,andY b, have or both series diverge

n {(where c is finite and c>0)
positive terms for all

Note: The comparison tests apply only
to series with positive terms, but if 3, a,,

1 1
] 1
] 1
) 1
: has some negative terms, then we can : nzN. Y, a, converges
i o ''» sior S B is o kinow and Y b, converges L D e
E apply the Comparison Test to X|an| and = Noi Loy ;I’ i’:"’”""""" . “n : hd
| test for absolute convergence. ! series, usua’ly the p-series or 1 If limy, o 7 = 0
i ! geometric series. bn ¥ a, diverges
""""""""""""""" 1 and ) b, diverges :
Ratio Test _ Suppose » 3 (i) 1flim,, o0 Gnt1_ o1 Y a,, is absolutely
* Y a, has positive terms an
: convergent

A |

1 The Ratio Test is a convenient test for series ! Z a, diverges

E that involve factorials or other products i (if) If hmn”’°° =L>1

i (including a constant raised to the nth power). E

S SRS S . (iii) 1F limy, o0 2242 = 1 test is inconclusive

. an .
Root Test Suppose . .
i) Iflim Ya,=p<1 Y. a, converges
e Y a, has positive terms () now VIn =P
forn=N (i) Flimpsew Ya, =p>1 Y a, diverges )
(iii) 1flim,,_,c "/an =1 test is inconclusive

Alternating Series Test | Given an alternating series
mmmmommmossooooo-oo- 2 & - If (i) bpye < b : © (D)™ 1p
! Use for series of the form 1 Z(_l)n—lb (b, > 0) (()) l'n+1 - bn -0 g:n—l(r ) n
E Z(—-l)n—lbn ) E Yn n ) 1) My 6 Dy = onve ges

: A series Y, a, converges absolutely (is absolutely convergent) if the correspondmg series of
Definitions absolute values, Y.|a,|, converges. .
A series that converges but does not converge absolutely converges conditionally.

Absolute Convergence

If converges, then ¥ a,, converges.
Theorem Ylag| converg Yay g

’
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Theorem 1 — Limit Laws
Let {a,,} and {b,,} be sequences of real numbers and let 4 and B be »
real numbers. The following rules hold if limy,_,., a, = 4 and Theorem 5 — Commonly Occurring Limits
) _ The following six sequences converge to
lim, e b, = B. o ,
_ i the limits listed below:
1. SumRule: lim, ,,(a, +by) =A+B- L 1. Inn
2. Difference Rule: lim,_,.(a, —b,) =A—B I 3 ,ll‘_{’;'n— =
3. Product Rule: lim,_,,(a,b,) =A-B M 2 limYn=1
N . . . . — . 1 Mo ;. hy
4. Constant Multiple Rule: llmn_,a;(k b,) = k - B (any number k) 3| ,liirﬁ,xl/n -1 G>0) -
: . 1 an) _A . . il
5. Quotient Rule: lim,_,q bn) 3 ifB+0 I 2 lmx =0 k<D
| nooo
T ' x\" i
3 : li_r)£1°(1+—) =e* (anyx)
Theorem 2 — Sandwich Theorem for Sequences S , c : L s n
Let {a,}, {b,}, and {c,} be sequences of real numbers. If : 7111_{2, o= 0 (anyx)
@n < by < ¢y holdsforalin> N, an’d_if liMyy0 @y = liMpen = L, In Formulas (3) through (6), x remains
then lim,, b, = L. fixed asn = oo.
Theorem 3 — Continuous Function Theorem for Sequences ‘_l :
Let {a, } be a sequence of real numbers. If a, — L andiffisa —’ E";h-e:,;e;,-; ;t;t;; ;h;; ;p;;y;n_g;“ﬂ:
function that is continuous at L and defined at all a,,, then ! continuous function to a _ E
L). . ! convergent sequence producesa
f (a") - f( ) E convergent sequence. i
Theorem 4 . - ]y " immmmm—————
Suppose that f(x) is a function defined for all x = n, and that {a,,} is l I 3.
- } S _ ! Theorem 4 enablesustouse
a sequence of real numbers such that a, —.f(n) forn = ny. Then E PHopital's Rule to find the -
lmf =L = Tlll_fg a, =1L ! limit of some sequences. i
l Known Series l : ' Series Definitions / Theorem I
The geometric series ’ Definitions
o . Given a sequence of numbers {a,}, an expression of the form
Zar"‘1=a+ar+ar2+-~- a, +a;+az+ - +a, + -
n=1 - is an'infinite series. The number a,, is the nth term of the series. The
is convergent if |r|<1 and its sum is ’ sequence {s,} defined by .
’ © o a ' . ] Sy =ay
zqr =1""T ITI<1 B} sz=a1+a2
n=1 .
If |r|] = 1, the geometric series is divergent. .n
The p-series . Sn =yttt a, = Z Qe
k=1
=1 is the sequence of partial sums of the series, the number s, being the nth
nr partial sum. If the sequence of partial sums converges to a limit L, we say
n=1

. . . that the series converges and the sum is L. In this case, we also write
is convergent if p > 1 and divergentifp < 1. :

R (=]
The harmonic series al+az+-~-+an+---=2an =L
-] B n=1
z 1 =1+ 1 + 1 + 1 L If the sequence of partial sums of the series does not converge, we say that
an 2 3 4 the series diverges.
is divergent. Theorem 7: If the series Y'*°_; a,, is convergent, then lim,, a, = 0.

(Note: The converse of this theorem is not true in geﬁeral. If lim,, o, a,, = 0, we cannot
Telescoping series conclude that Y5y a,, is corivergent. The harmonic series is an example.)
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