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Seven functional time series observations

(1440 measurements per day)

The horizontal component of the magnetic field mea-
sured in one minute resolution at Honolulu magnetic
observatory from 1/1/2001 00:00 UT to 1/7/2001
24:00 UT.
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Functional time series can be transformed to
stationary series (removal of trend, differenc-
ing, ad hoc)
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Autoregressive dependence:

Three weeks of a time series derived from credit card

transaction data.
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Definition
The sequence {X,} of functions in L? is
L4*—m—approximable

if it admits the representation

Xn — f(g?%gn—la <. °)7

where the g; are iid elements in a measurable
space S, and f is a measurable function f :
S 5 2,

Let {¢/} be an independent copy of {¢;}, set

?gm) — / /

Main Condition:

io: (E||Xm _ qunm)||4>1/4 < 0.

m=1

f(en, En—1y- s &n—m+Lén—m>En—m—1>- -



Discussion

The main condition depends only on

m m 1/4
va (X0 - x§™) = (BIIXo - X§™II4)

{a,g”), k € Z} independent copy of {e,,k € Z}

Sequences {a,ﬁn),k € Z} are independent

X7§Lm) — f(g?% En—1s--- 7€n—m—|—17 57(1@7%7 57271)m_17 s

For each m, the sequence { ﬁbm),n € Z} IS m
dependent.

X§? = f(eo,e-1,6%.¢93, .. )

X§?) = flep,er,e8”, 63,



An alternative definition

X?Qm) — f(m) (67% En—1y--- 7€n—m—|—1)

For each m, the sequence {Xém),n = Z} is m

dependent.

This qum> does not have the same distribu-
tion as X, (extra line in proofs.)

Functions f(m> very natural in examples, e.g.
f(m)(gn’ En—1s--- 7€n—m—|—1)
— f(g?% En—1y-+1&n—m+41> 0,0,.. )

This definition produces a (theoretically) nar-
rower class.



Example: AR(1)

Xn(t) = [ ¥(t,9)Xp-1(s)ds + en (D)

Xn = Z \Uj(en—j)a (W]l < 1)
j=0
(m) _ "= il
Xp =Y W)+ > wﬂ(snﬁj).
7=0 1=m

or

m—1 .
X7(zm) — Z W/ (5n—j)
j=0

va(Xm = X5) < (2) 3 |1W]1Praleo)

J=m

S va(Xm - X5y <0(1) 3 |IW]™ < oo,

m=1 m=1



Example: bilinear model

Xn(t) = UnYn(t)
{Un} independent of {Y,}.
X5 () = U™y (¢)

Example: Functional ARCH

yr(t) = e (t)oy(t),

where

o2(t) = 8(t) + /O " $)o2_1(s)e2_(s)ds



Bounds on Eigenfunctions and Eigenval-
ues

T heorem:
where
— (r)
Uy = vf(X) +4vV2 17(X) Y va(Xr — Xp'7).
r=1
Corollary:

NE||N - 1| < Ux.

Set Bj = Sigﬂ(< @j,’l)j >)
~ = 2
NE||[¢;5; — vl[?] < —5
J
where a1 = A1 — Ao and

Qj = min(>\j_1 — >‘j7>‘j — >‘j—|—1)7 2 < g <d.
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Long—run variance

introduction: scalar case.

@)
NVar[Xy]l — Y v, ~; = Cov(Xp,X;)

j=—00

If {X,} is L?—m—approximable,
then > %°

j=—00

75| < o0

Proof:

Cov(Xo, X;) = Cov(Xo, X;—~ X)) +Cov(Xo, X{7).

XO — f(807€—17 . ')7 X](]) — f(j)<€j7€j—17 - 781)7

are independent

vl < [EXGIMV2[E(X; - X[D)21/2,
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Kernel estimator:
171<q
Consistency requires cumulant conditions:

@) @)
Sl}JLD Y > Jk(h, 1, 8)| < oo

k(h,r,s) = B[(Xo—p) (Xp—p) (Xr—p) (Xs—p)]

—(Wwrr—s + ¥ Vh—s T VW Vh—r);

For an L4*—m—approximable sequence
o

sup Y ‘Cov (XO(X}€ — X,gk)),Xf,gr)Xﬁff))‘ < 00.

k>0 =4

00 k—1

X = chsk—j; X]gk) = chsk—j

j=1 j=1
Xo (Xk — X]gk)) depends on {¢g;,57 < 0}

r r+4 .
X xUHY depends on {e;,1 < j <r+ €}
Condition holds trivially
Approximability: > >_, Z;?O:m lcj| < oo
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Long—run variance for functional time se-
ries

Project functions on principal components

The resulting sequence of vectors has a long
run covariance matrix

It inherits L*—m—approximability

kernel estimator is consistent under the con-
dition

q(N) N—-1

N7 Y

k=0 r=1

. o x (k) (r) - (r+£)
122,aj>éd ‘COV (XzO(X]k' X]k )’Xi?“ Xj,?“—l—f )| — 0.

X — projection of kth observation on jth
principal component
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Change point detection

Hoi

Xi(t) = p(t) +Yi(t), EY(t)=0.

H,
[ m®+Y®,  1<i<kE,
ile) = { )+ Y1), K <i<N,

Test statistic is based on

/ { IEVOREESS Xz(t)}fag(t)dt

1<i<k 1<i<N

_ k _
— Z nﬁi_ﬁ Z M¢3 -

1<i<k 1<i<N

For functional time series it is different than
for iid data (long—run variance).

Required asymptotic properties can be estab-
lished under L*—m—approximability.
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Functional linear model with dependent
regressors

Ya(®) = [t 5)Xn(s) +n

Idea of Yao, Muller, Wang:

X() =3 euils), YO = ¢u®).
1=1

=1

st =3 3 ZECH L yus).

k=1/¢=1 E[gl?]

K L

Drr(t,s) = S Y X 1 () e(s),

k=1/=1

YMW focus on smoothing, assumptions (2+

pages) deal mostly with smoothing parame-
ters,

K and L depend on the smoothing band-
widths, integrals of FT of kernels, and the
rate of decay of the eigenfunctions.
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Examples of Magnetometer data
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Horizontal intensities of the magnetic field measured at a high-,

mid- and low-latitude stations during a sub-storm (left column)

and a quiet day (right column). Note the different vertical scales

for high-latitude records.
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Functional predictor-response plots of FPC scores of
response functions versus FPC of explanatory func-
tions for magnetometer data (CMO vs THYO)
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For functional time series data, the focus is
on dependence.

We assume that the X,, are L*—m—approximable.
A, 4 eigenvalues corresponding to v; uy.

Recall
Qj = min()\j_l — )\],A] — )\j_l_]_), 2 <35 <d.
Define oz"j correspondingly for Vg
Set g, = min{A;[1 <j < L},
hy = miﬂ{()éj AN Oé;-|1 <3< L}.
Assumption for consistency:

L = o(NY12(grhp)1/?).

The same for K.
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