
This article was originally published in a journal published by
Elsevier, and the attached copy is provided by Elsevier for the

author’s benefit and for the benefit of the author’s institution, for
non-commercial research and educational use including without

limitation use in instruction at your institution, sending it to specific
colleagues that you know, and providing a copy to your institution’s

administrator.

All other uses, reproduction and distribution, including without
limitation commercial reprints, selling or licensing copies or access,

or posting on open internet sites, your personal or institution’s
website or repository, are prohibited. For exceptions, permission

may be sought for such use through Elsevier’s permissions site at:

http://www.elsevier.com/locate/permissionusematerial

http://www.elsevier.com/locate/permissionusematerial


Aut
ho

r's
   

pe
rs

on
al

   
co

py

Statistics & Probability Letters 77 (2007) 885–895

On sequential detection of parameter changes in
linear regression$
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Abstract

Horvath et al. [2004. Monitoring changes in linear models. J. Statist. Plann. Inference 126, 225–251] developed a family

of monitoring procedures to detect a change in the parameters of a linear regression model. These procedures, which are

akin to the schemes proposed by Chu et al. [1996. Monitoring structural change. Econometrica 64, 1045–1065], depend on

a parameter 0pgo 1
2
. If g is close to 1

2
, the detection delay is small, so it is desirable to consider the case g ¼ 1

2
, but an

extension is not obvious. We show that it can be developed by establishing a Darling–Erd +os type limit theorem.

r 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Horváth et al. (2004), see also Aue et al. (2006), developed a family of monitoring procedures to detect a
change in the parameters of a linear regression model. These procedures, which are akin to the schemes
proposed by Chu et al. (1996), depend on a parameter 0pgo 1

2
. The simulations in Horváth et al. (2004)

showed that if the change occurs shortly after the monitoring has commenced, then g must be chosen as close
to 1

2
as possible in order to minimize the detection time. Moreover, in case of a change in the mean, Aue and

Horváth (2004) showed that the delay time is proportional to m1=2�g, where m is the length of the available
training sample. This also indicates that, ideally, g ¼ 1

2
should be chosen. As explained below, g ¼ 1

2
cannot,

however, be chosen in the procedures of Horváth et al. (2004). The goal of this paper is to develop a procedure
which can be viewed as a limit, as g! 1

2
, of the procedures of Horváth et al. (2004). It is not a priori clear how

this limit should be defined. It turns out that the extension is not trivial and involves a Darling–Erd +os type
limit theorem.

ARTICLE IN PRESS

www.elsevier.com/locate/stapro

0167-7152/$ - see front matter r 2007 Elsevier B.V. All rights reserved.

doi:10.1016/j.spl.2006.12.014

$Research supported by NATO Grant PST.EAP.CLG 980599 and by NSF Grants DMS-0413653 and INT-0223262.
�Corresponding author. Fax: +1435 797 1822.

E-mail address: Horvath@math.utah.edu (L. Horváth).
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In the remainder of this section, we formulate the monitoring problem, motivate the need for a new
approach to include the case g ¼ 1

2, and describe the extension. The main result is stated in Theorem 1.1 which
is proved in Section 3. Finite sample performance of the new method is illustrated by a small simulation study
in Section 2.

We consider the linear model

yi ¼ xT
i bi þ �i; 1pio1,

where xi is a p� 1 random vector of the form

xT
i ¼ ½1;x2i; . . . ;xpi� (1.1)

and bi is a p� 1 parameter vector. It is assumed that there is no change in the historical sample of size m, i.e.

bi ¼ b0; 1pipm. (1.2)

Under the null hypothesis, there is no change in the parameters:

H0: bi ¼ b0; i ¼ mþ 1;mþ 2; . . . . (1.3)

Under the alternative hypothesis, the parameters change from b0 to b� at an unknown time mþ k�:

HA: there is k�X1 such that

bi ¼ b0; moipmþ k� and bi ¼ b�ab0; iXmþ k� þ 1. ð1:4Þ

We emphasize that the values of the parameters b0;b� and the change-point k� are unknown.
Horváth et al. (2004) studied the stopping time

tðmÞ ¼
inffkX1 : Gðm; kÞXgðm; kÞg

1 if Gðm; kÞogðm; kÞ for all k ¼ 1; 2; . . . :

(

The detector Gðm; kÞ and the boundary function gðm; kÞ were chosen so that under the null hypothesis

lim
m!1

PftðmÞo1g ¼ a,

where 0oao1 is a prescribed number, similar to the significance level in the Neyman–Pearson test, and under
the alternative

lim
m!1

PftðmÞo1g ¼ 1.

Following Chu et al. (1996), Horváth et al. (2004) used the detector

Gðm; kÞ ¼ Q̂ðm; kÞ ¼
1

ŝm

X
moipmþk

�̂i

�����
�����,

where

ŝ2m ¼ ðm� pÞ�1
X

1pipm

�̂2i ; �̂i ¼ yi � xT
i b̂m,

and where

b̂m ¼
X

1pipm

xix
T
i

 !�1 X
1pipm

xiyi

is the least squares estimator of b0. The boundary function was chosen as

gðm; kÞ ¼ cm1=2 1þ
k

m

� �
k

mþ k

� �g

; 0pgo
1

2
.
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Horváth et al. (2004) showed that under H0 (and suitable regularity conditions)

lim
m!1

PfQ̂ðm; kÞpgðm; kÞ for all 1pko1g ¼ P sup
0ptp1

jW ðtÞj=tgpc

� �
, (1.5)

where fW ðtÞ; 0pto1g is a Wiener process (Brownian motion). We note that go 1
2
is needed to have a finite

(nondegenerate) limit in (1.5) according to the law of the iterated logarithm for W ðtÞ at t ¼ 0.
According to the definition of tðmÞ given above, we continue monitoring until infinity when H0 is not

rejected. This is often a convenient mathematical assumption, but in reality, sooner or later we cease to
monitor the observations. We therefore consider the following modification of tðmÞ:

t�ðmÞ ¼
inffk : 1pkpN; Q̂ðm; kÞXcðm; tÞg�ðm; kÞg

N if Q̂ðm; kÞocðm; tÞg�ðm; kÞ for all 1pkpN;

(

where N ¼ NðmÞ,

g�ðm; kÞ ¼ m1=2 1þ
k

m

� �
k

mþ k

� �1=2

,

and

cðm; tÞ ¼
tþDðlog mÞ

Aðlog mÞ
, (1.6)

AðxÞ ¼ ð2 log xÞ1=2; DðxÞ ¼ 2 log xþ 1
2
log log x� 1

2
log p. (1.7)

The main difference between t�ðmÞ and tðmÞ, apart from using a finite monitoring horizon and g ¼ 1
2
rather

than go 1
2
, is that the constant c in tðmÞ is now replaced by the sequence cðm; tÞ in t�ðmÞ, and cðm; tÞ increases to

infinity like ð2 log log mÞ1=2. We will see in the following, see condition (1.12), that in order to develop a
satisfactory asymptotic theory, we need to assume that N increases with m not slower than a linear function.

We assume that the following conditions are satisfied:

�1; �2; . . . are independent identically distributed random variables. (1.8)

E�i ¼ 0; 0os2 ¼ E�2i o1 and Ej�ij
no1 with some n42. (1.9)

f�i; 1pio1g and fxi; 1pio1g are independent. (1.10)

There is a positive definite matrix C and a constant r40 such that

1

m

X
1pipm

xix
T
i � C

�����
����� ¼ Oðm�rÞ a:s. (1.11)

N ¼ OðmlÞ with some 1plo1 and lim inf
m!1

N=m40. (1.12)

There are random variables x and m0 and a constant r40 such that if mXm0

X
moiomþk

ðxi � c1Þ

�����
�����px½ðmþ kÞ1=2�r þ ðk log NÞ1=2�; 1pkpN. (1.13)

The vector c1 in (1.13) is the first column of the matrix C in (1.11). Condition (1.13) is more technical than the
other assumptions, but it is satisfied by a large class of random vectors xi. For example, if there are Wiener
processes fW jðtÞ; 0pto1g and constants kjX0 ðj ¼ 1; 2; . . . ; pÞ such thatX

mpipn

ðxji � cjÞ � kjW jðnÞ ¼ Oðn1=2�rÞ a.s. (1.14)
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holds, then (1.13) is satisfied. Indeed, by (1.14) we haveX
moiomþk

ðxji � cjÞ � kjðW jðmþ kÞ �W jðmÞÞ

�����
�����pxððmþ kÞ1=2�rÞ

for all 1pko1 if mXm0 and by the modulus of continuity of a Wiener process, cf. Csörg +o and Révész (1981),
we have

max
1pkpN

jW jðmþ kÞ �W jðmÞj=ðk log NÞ1=2 ¼ Oð1Þ a.s.

Throughout this paper we assume that we have a realization of fxig for which (1.11) and (1.13) hold.
We now state the main result of the present paper:

Theorem 1.1. If (1.2)–(1.4) and (1.8)–(1.13) hold, then for all �1oto1,

lim
m!1

PfQ̂ðm; kÞocðm; tÞg�ðm; kÞ for all 1pkpNg ¼ expf�e�tg.

2. A simulation study

To facilitate the practical application and comparison of the methods proposed in Horváth et al. (2004) and
in the present paper, we start by presenting these methods in a way suitable for direct application.

A change in the parameters is signalled at time k such that the detector function

DmðkÞ ¼
1

mŝ2m

m

k þm

� �
mþ k

k

� �g X
moipmþk

�̂i

�����
�����

first exceeds a critical value. In Horváth et al. (2004), detectors Dm with 0pgo 1
2
were considered. Here, we

consider g ¼ 1
2
. The main practical difference between these two cases lies in the way the critical values are

determined. If 0pgo 1
2
, detection is signalled when DmðkÞ4caðgÞ, with caðgÞ determined by

P sup
0ptp1

jW ðtÞj=tg4caðgÞ
� �

¼ a. (2.1)

These critical values were computed in Horváth et al. (2004) using simulations. If g ¼ 1
2
, detection is signalled

when DmðkÞ4c�aðmÞ, where now c�aðmÞ depends on m and is determined by

c�aðmÞ ¼ cðm;� log½� logð1� aÞ�Þ ¼
� log½� logð1� aÞ� þDðlog mÞ

Aðlog mÞ
, (2.2)

with the functions Að�Þ and Dð�Þ defined in (1.7). In (2.2), as throughout the paper, log denotes the natural
logarithm. These critical values increase slowly with m as shown in Table 1.

For moderate values of m, the critical values c�aðmÞ are close to the critical values caðgÞ, provided g is close to 1
2
. For

example, c:10ð:45Þ ¼ 2:5437; c:10ð:49Þ ¼ 2:8259 and c�:10ð300Þ ¼ 2:9139. In this sense, the detection method proposed
in this paper can be seen as a limiting case, as g! 1

2
, of the detection methods introduced in Horváth et al. (2004).

Since the critical values are close and the realizations of the detector functions with, say, g ¼ :49, are, in
finite samples, close to those with g ¼ :50, it can be expected that the detection times for g ¼ :49 and .50 will be
similar. This is illustrated in Table 2, which also shows that the method with g ¼ :50 dominates methods with
go:50 as the training sample size m increases and/or the size of the change increases. The detection times for
go:45 are longer than those shown in Table 2. If mp100, using g ¼ :50 does not improve detection time. For
such values of m, using g ¼ :45 is recommended.

ARTICLE IN PRESS

Table 1

Critical values c�aðmÞ, cf. (2.2)

m 25 50 100 300 500 600

a ¼ :05 3.148301 3.197410 3.240825 3.29961 3.323552 3.331652

a ¼ :10 2.677540 2.761607 2.828947 2.913876 2.946973 2.958018

L. Horváth et al. / Statistics & Probability Letters 77 (2007) 885–895888
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When comparing the performance of monitoring methods of the type discussed here, it is important to keep
in mind that the controlled size a has a different interpretation than in the Neyman–Pearson paradigm. The
goal is to keep the probability of false rejection below a rather than to make it close to a. Indeed, if
approximately 100a percent of realizations of DmðkÞ exceeded the critical value up to time q, this percentage
could only increase if monitoring were to continue beyond time q. Thus, if controlling the rate of false alarms
is the objective, a method with the smallest empirical size is preferred. Table 3 shows that the methods with

ARTICLE IN PRESS

Table 2

Five number summary for the detection time for monitoring methods with g ¼ :45; :49; :50

g Min Q1 Med Q3 Max

m ¼ 300 D ¼ 0:4
45 1 25 47 78 449

49 1 25 47 82 1227

50 1 25 48 85 1925

m ¼ 300 D ¼ 0:8
45 1 9 13 19 80

49 1 7 12 19 63

50 1 7 12 19 77

m ¼ 300 D ¼ 1:2
45 1 4 7 10 29

49 1 4 6 9 27

50 1 4 6 9 30

m ¼ 600 D ¼ 0:4
.45 1 27 47 76 303

.49 1 24 45 75 456

.50 1 24 47 79 591

m ¼ 600 D ¼ 0:8
.45 1 9 15 21 67

.49 1 7 12 18 63

.50 1 7 13 19 58

m ¼ 600 D ¼ 1:2
.45 1 5 7 10 29

.49 1 4 6 9 32

.50 1 4 6 9 31

Controlled size a ¼ :10. The mean of unit variance independent normal observations changes at k� ¼ 1 from zero to D.

Table 3

Empirical size of monitoring methods with g ¼ :45; :49; :50

g ¼ :45 g ¼ :49 g ¼ :50

q 10% 5% 10% 5% 10% 5%

m ¼ 300 2m 6.16 2.92 4.92 2.04 5.92 1.84

4m 7.68 3.72 5.52 2.40 6.44 2.24

6m 8.12 4.00 5.72 2.40 6.92 2.32

9m 8.36 4.12 5.88 2.40 7.00 2.36

m ¼ 600 2m 5.84 2.68 5.80 2.92 5.20 1.68

4m 6.88 3.32 6.32 3.20 5.76 2.04

6m 7.12 3.48 6.48 3.20 6.12 2.08

9m 7.28 3.56 6.64 3.28 6.16 2.08

For each m, the percentage of rejections up to time q is reported based on 2500 realizations of independent standard normal random

variables of length 9m. Standard errors are about 1%.

L. Horváth et al. / Statistics & Probability Letters 77 (2007) 885–895 889
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g ¼ :49 and g ¼ :50 dominate in this sense the method with g ¼ :45. For m ¼ 600, g ¼ :50 gives smaller
empirical size than g ¼ :49.

The limited simulations discussed here should not be viewed as representing a comprehensive comparison of
the various methods, but merely as an illustration of their performance. A simulation study specifically
designed for a problem at hand is needed to decide which method is most suitable.

3. Proof of Theorem 1.1

The proof of Theorem 1.1 is based on a series of lemmas.
Denote

Cm ¼
1

m

X
1pipm

xix
T
i .

Lemma 3.1. If (1.11) holds, then

jC�1m � C j ¼ Oðm�rÞ a.s. (3.1)

Proof. Relation (3.1) follows directly from assumption (1.11). &

Lemma 3.2. If the assumptions of Theorem 1.1 are satisfied, then, as m!1

max
1pkpN

1

g�ðm; kÞ

X
moipmþk

�̂i �
X

moipmþk

�i �
k

m

X
1pipm

�i

 !�����
����� ¼ OPðm

�rÞ.

Proof. Since

b̂m � b0 ¼ C�1m

1

m

X
1pjpm

xj�j,

we obtainX
moipmþk

�̂i ¼
X

moipmþk

½�i � xT
i ðb̂m � b0Þ�

¼
X

moipmþk

�i �
X

moipmþk

xi

 !T

C�1m

1

m

X
1pjpm

xj�j.

By the Central Limit Theorem and (1.11), we have

X
1pjpm

xj�j

�����
����� ¼ OPðm

1=2Þ. (3.2)

Putting together (3.1), (3.2) and (1.13), we get

max
1pkpN

1

g�ðm; kÞ

1

m

X
moipmþk

xi

 !T

C�1m �
k

m
cT1 C�1

2
4

3
5 X

1pjpm

xj�j

������
������

¼ OPðm
1=2Þ max

1pkpN

1

mg�ðm; kÞ

X
moipmþk

ðxi � c1Þ
TC�1m þ kcT1 ðC

�1
m � C�1Þ

�����
�����

¼ OPð1Þ max
1pkpN

ðmþ kÞ1=2�r þ ðk log NÞ1=2 þ km�r

ðmþ kÞ1=2k1=2
¼ OPðm

�rÞ. ð3:3Þ

By (1.1) we have that cT1 C�1 ¼ ½1; 0; . . . ; 0�, and therefore Lemma 3.2 follows from (3.3). &
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Lemma 3.3. If the assumptions of Theorem 1.1 are satisfied, then there are two independent Wiener processes

fW 1;mðtÞ; 0pto1g and fW 2;mðtÞ; 0pto1g such that for any aðmÞX1

sup
aðmÞpko1

1

g�ðm; kÞ

X
moipmþk

�i �
k

m

X
1pipm

�i � s W 1;mðkÞ �
k

m
W 2;mðmÞ

� ������
����� ¼ OPðaðmÞ

1=n�1=2
Þ.

Proof. By (1.10) and the K–M–T approximation (Komlós et al., 1975, 1976; Major, 1976a, b) for each m we
can find two independent Wiener processes

fW 1;mðtÞ; 0pto1g and fW 2;mðtÞ; 0pto1g

such that

sup
1pko1

k�1=n
X

moipmþk

�i � sW 1;mðkÞ

�����
����� ¼ OPð1Þ ðm!1Þ

and X
1pipm

�i � sW 2;mðkÞ ¼ oPðm
1=nÞ.

Hence

sup
aðmÞpko1

1

g�ðm; kÞ

X
moipmþk

�i �
k

m

X
1pipm

�i � s W 1;mðkÞ �
k

m
W 2;mðmÞ

� ������
�����

¼ OPð1Þ sup
aðmÞpko1

k1=n
þ

k

m
m1=n

� �
m1=2 1þ

k

m

� �
k

mþ k

� �1=2
( )�1

¼ OPðaðmÞ
1=n�1=2

Þ,

which completes the proof. &

Let

tk ¼
k

m
and sk ¼

tk

1þ tk

¼
k

k þm
.

If fW 1ðtÞ; 0pto1g; fW 2ðtÞ; 0pto1g and fW ðtÞ; 0pto1g are independent Wiener processes, then

fW 1ðtÞ � tW 2ð1Þ; 0pto1g ¼d ð1þ tÞW
t

1þ t

� �
0pto1

� �
,

so Lemma 3.3 can be rewritten as

sup
aðmÞpko1

1

g�ðm; kÞ

X
moipmþk

�i �
k

m

X
1pipm

�i � sð1þ tkÞm
1=2W mðskÞ

�����
����� ¼ OPðaðmÞ

1=n�1=2
Þ (3.4)

with suitably chosen Wiener processes fW mðtÞ; 0pto1g.

Lemma 3.4. If fW ðtÞ; 0pto1g denotes a Wiener process, then

1

ð2 log log mÞ1=2
max

1pkpN

jW ðskÞj

s
1=2
k

!
P

1 ðm!1Þ.

Proof. By (1.12), we can assume that N4cm with some c40. Clearly

sup
cmpko1

jW ðskÞj

s
1=2
k

p sup
c=ð1þcÞpsp1

jW ðsÞj

s1=2
¼ OPð1Þ.
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Hence it is enough to prove that

1

ð2 log log mÞ1=2
max

1pkpcm

jW ðskÞj

s
1=2
k

!
P

1.

We note that

jsk � tkjpt2k. (3.5)

We write

W ðskÞ

s
1=2
k

�
W ðtkÞ

t
1=2
k

�����
�����p jW ðskÞ �W ðtkÞj

s
1=2
k

þ
jW ðtkÞj

t
1=2
k

jsk � tkj

s
1=2
k ðs

1=2
k þ t

1=2
k Þ
¼:T1ðkÞ þ T2ðkÞ. (3.6)

Using the modulus of continuity of W and (3.5), we get that

max
1pkpcm= log m

T1ðkÞ ¼ OPð1Þ max
1pkpcm= log m

tkðlog mÞ1=2

s
1=2
k

¼ oPð1Þ. (3.7)

The law of the iterated logarithm gives

max
1pkpcm= log m

T2ðkÞ ¼ OPð1Þðlog log mÞ1=2 max
1pkpcm= log m

t2k
sk

¼ oPð1Þ. (3.8)

By the scale transformation of W, we have

max
1pkpcm= log m

jW ðtkÞj

t
1=2
k

¼
d

max
1pkpcm= log m

jW ðkÞj

k1=2
,

so the law of the iterated logarithm for the partial sums yields

1

ð2 log log mÞ1=2
max

1pkpcm= log m

jW ðkÞj

k1=2
!
P

1,

since

log log m

log logðcm= log mÞ
! 1 ðm!1Þ.

Thus we have

1

ð2 log log mÞ1=2
max

1pkpcm= log m

jW ðskÞj

s
1=2
k

!
P

1. (3.9)

Clearly, for large m,

max
cm= log mpkpcm

jW ðskÞj

s
1=2
k

p sup
c=ð2 log mÞpsp1

jW ðsÞj

s1=2
.

Since

log log log m

log logð2 log m=cÞ
! 1 ðm!1Þ,

the law of the iterated logarithm for W (cf. Lemmas 1.1 and 1.2 on pp. 255–256 of Csörg +o and Horváth, 1993)
implies

1

ð2 log log log mÞ1=2
sup

c=ð2 log mÞpsp1

jW ðsÞj

s1=2
!
P

1.
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Hence

1

ð2 log log mÞ1=2
max

cm= log mpkpm

jW ðskÞj

s
1=2
k

!
P

0. (3.10)

Lemma 3.4 now follows from (3.9) and (3.10). &

Lemma 3.5. If aðmÞ ¼ ðlog mÞd with some d40, then

1

ð2 log log log mÞ1=2
max

1pkpaðmÞ

jW ðskÞj

s
1=2
k

!
P

1.

Proof. It follows from (3.6)–(3.8) that

max
1pkpaðmÞ

jW ðskÞj

s
1=2
k

�
jW ðtkÞj

t
1=2
k

�����
����� ¼ OPð1Þ.

By the scale transformation of W,

max
1pkpaðmÞ

jW ðtkÞj

t
1=2
k

¼
d

max
1pkpaðmÞ

jW ðkÞj

k1=2
,

so the law of the iterated logarithm for partial sums gives

1

ð2 log log aðmÞÞ1=2
max

1pkpaðmÞ

jW ðkÞj

k1=2
!
P

1. (3.11)

Since ðlog log log mÞ=ðlog log aðmÞÞ ! 1, Lemma 3.5 follows from (3.11). &

Lemma 3.6. If aðmÞ ¼ ðlog mÞd with d41, then, for all t,

lim
m!1

P Aðlog mÞ max
aðmÞpkpNðmÞ

jW ðskÞj

s
1=2
k

�Dðlog mÞpt

( )
¼ expð�e�tÞ,

where AðxÞ and DðxÞ are defined in (1.7).

Proof. By the modulus of continuity of W,

max
aðmÞpkpNðmÞ

sup
0psp1=m

jW ðskÞj

s
1=2
k

�
jW ðsk þ sÞj

ðsk þ sÞ1=2

�����
�����

p max
aðmÞpkpNðmÞ

sup
0psp1=m

jW ðskÞ �W ðsk þ sÞj

s
1=2
k

þ
jW ðsk þ sÞj

ðsk þ sÞ1=2
jsj

s
1=2
k ðs

1=2
k þ ðsk þ sÞ1=2Þ

" #

¼ OPð1Þ max
aðmÞpkpNðmÞ

ð1=mÞ1=2ðlog mÞ1=2

ðk=ðmþ kÞÞ1=2
þ ðlog log log mÞ1=2

1=m

k=ðmþ kÞ

" #

¼ OPð1Þððlog mÞð1�dÞ=2Þ,

where we also used the law of the iterated logarithm for W at 0. Thus we have

Aðlog mÞ max
aðmÞpkpNðmÞ

jW ðskÞj

s
1=2
k

� sup
aðmÞ=mptpNðmÞ=m

jW ðt=ð1þ tÞÞj

ðt=ð1þ tÞÞ1=2

�����
����� ¼ oPð1Þ.

Observe that

sup
aðmÞ=mptpNðmÞ=m

jW ðt=ð1þ tÞÞj

ðt=ð1þ tÞÞ1=2
¼ sup

aðmÞ=ðmþaðmÞÞpspNðmÞ=ðmþNðmÞÞ

jW ðsÞj

s1=2
.
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According to (1.12), we can assume that NðmÞ4cm with some c40. Since

sup
c=ð1þcÞpspN=ðmþNÞ

jW ðsÞj

s1=2
p sup

c=ð1þcÞpsp1

jW ðsÞj

s1=2
¼ OPð1Þ,

we get that

Aðlog mÞ sup
c=ð1þcÞpsp1

jW ðsÞj

s1=2
�Dðlog mÞ !

P
�1.

Hence it is enough to prove that

lim
m!1

P Aðlog mÞ sup
aðmÞ=ðmþaðmÞÞpspc=ð1þcÞ

jW ðsÞj

s1=2
ptþDðlog mÞ

( )
¼ expð�e�tÞ. (3.12)

Elementary calculations give

Aðlog mÞ A log
c

1þ c

mþ aðmÞ

aðmÞ

� �
� Aðlog mÞ

����
����! 0 (3.13)

and

D log
c

1þ c

mþ aðmÞ

aðmÞ

� �
�Dðlog mÞ ! 0. (3.14)

The Darling–Erd +os (1956) law for W ðtÞ=
ffiffi
t
p

(cf. Csörg +o and Horváth, 1993, p. 256) gives

lim
m!1

P A log
c

1þ c

mþ aðmÞ

aðmÞ

� �
sup

aðmÞ=ðmþaðmÞÞpspc=ð1þcÞ

jW ðsÞj

s1=2

(

ptþD log
c

1þ c

mþ aðmÞ

aðmÞ

� ��
¼ expð�e�tÞ,

and therefore (3.12) follows via (3.13) and (3.14). &

Lemma 3.7. If the conditions of Theorem 1.1 are satisfied, then, for all real t,

lim
m!1

P Aðlog mÞ
1

s
max

1pkpNðmÞ

1

½kðmþ kÞ�1=2

X
moipmþk

�̂i

�����
�����ptþDðlog mÞ

( )
¼ expð�e�tÞ.

Proof. Putting together Lemmas 3.2–3.5 and (3.4) with aðmÞ ¼ ðlog mÞ2, we obtain

1

ð2 log log log mÞ1=2
1

s
max

1pkpaðmÞ

1

½kðmþ kÞ�1=2

X
moipmþk

�̂i

�����
�����!P 1 (3.15)

and

1

ð2 log log mÞ1=2
1

s
max

1pkpN

1

½kðmþ kÞ�1=2

X
moipmþk

�̂i

�����
�����!P 1.

Now, (3.15) gives

lim
m!1

P Aðlog mÞ
1

s
max

aðmÞpkpN

1

½kðmþ kÞ�1=2

X
moipmþk

�̂i

�����
�����ptþDðlog mÞ

( )
¼ expð�e�tÞ. (3.16)
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Lemma 3.3 gives

Aðlog mÞ
1

s
max

aðmÞpkpN

1

½kðmþ kÞ�1=2

X
moipmþN

�̂i � max
aðmÞpkpN

jW ðskÞj

s
1=2
k

�����
�����

¼ OPððlog log mÞ1=2ðlog mÞ2ð1=n�1=2ÞÞ ¼ oPð1Þ,

and therefore (3.16) follows from Lemma 3.6. &

Proof of Theorem 1.1. In light of Lemma 3.7, it is enough to prove that jŝ2m � s2j ¼ oPððlog log mÞ�1Þ. This
follows from the result on p. 228 of Csörg +o and Horváth (1997). &
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Komlós, J., Major, P., Tusnády, G., 1975. An approximation of partial sums of independent R.V.’s and the sample DF.I.

Z. Wahrscheinlichkeitstheorie und verwandte Gebiete 32, 111–131.
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