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Abstract

The paper develops a limit theory for the quadratic form @, x in linear random variables X1, ..., X,
which can be used to derive the asymptotic normality of various semiparametric, kernel, window and other
estimators converging at a rate which is not necessarily nl/2. The theory covers practically all forms of
linear serial dependence including long, short and negative memory, and provides conditions which can
be readily verified thus eliminating the need to develop technical arguments for special cases. This is
accomplished by establishing a general CLT for O, x with normalization (Var[Q,, X])l/ 2 assuming only
2 4 § finite moments. Previous results for forms in dependent variables allowed only normalization with
n'/2 and required at least four finite moments. Our technique uses approximations of Q, x by a form
Opn.z iniid. errors Zy, ..., Z,. We develop sharp bounds for these approximations which in some cases
are faster by the factor nl/2 compared to the existing results.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

It is well-known that a quadratic form
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Qux =) d(k —1)X; X, (1.1)

k,t=1

in independent identically distributed (i.i.d.) random variables X satisfies the central limit
theorem (CLT) under unrestrictive assumptions, see [26,19,16,24]. In particular, the CLT holds
with the normalization (Var(Q,, ) /2 which might be different from n'/2 and, if the diagonal
vanishes, only the second moment of the Xj is needed. Much weaker results are available if the
X}, are dependent: the CLT is proved only with normalization n'/2, at least four moments of the
X are assumed and the kernel d,, does not depend on n, see [13,4,14,15], and references therein.
Such assumptions are not sufficient in a number of important statistical applications, as discussed
in Section 3.

In the present paper we show that the asymptotic results valid for i.i.d. variables extend to
dependent linear variables. We approximate Q, x by a quadratic form

n

Onz = Z enk — )2y Zy, (1.2)

k,t=1

in 1.1.d. variables Z; which are the innovations of the process {X;} (precise definitions are given
in Section 2). This method has been used by several authors, but, assuming at least four moments,
the existing research provides only the bound Var(Q, x — Q,.z) = o(n) which leads to the CLT
with normalization 4/n. Our Theorem 2.1 provides a much sharper bound which implies that
Qn.x — Qn.z 1s dominated by Q,, z, no matter how slowly Var(Q, z) diverges to co. Combined
with a new CLT for Q, z with a nonvanishing diagonal, established in [8], this approximation
leads to the general CLT for Q, x with normalization (Var(Q,, /2.

The CLT with a general normalization allows us to establish in a unified framework the
asymptotic normality of a number of statistics that can be written as quadratic forms Q, x and
depend on a “bandwidth parameter”. Such statistics converge at a rate slower than n'/2. Important
applications include spectral kernel and semiparametric estimation. As a rule, complex technical
arguments are needed to establish the asymptotic normality in such cases. While the present
paper is obviously also very technical, it aims at providing general results which can be directly
applied to avoid problem specific technical work.

Definitions, assumptions and main results are presented in Section 2 which also contains short
proofs linking the main results with the detailed theory developed in the following sections.
The relevance of the assumptions and findings is discussed in Section 3 which compares in
greater detail our results to previous research. It also explains the assumptions and the results
and shows how they are motivated by applications to statistics. Section 4 deals with the CLT for
general quadratic forms in 1.1.d. variables Z;. The approximation of Q, x by Q, 7z is developed
in Section 5. Section 6 contains several technical lemmas which form the backbone of the proofs
in Section 5.

2. Assumptions and main results

We assume that X;,r =1, 2, ..., n, is a realization of a linear process

o0
Xe=)Y ¥;Zij, @.1)
j=0
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where {Z;} is a sequence of independent identically distributed random variables with
EZ, =0, EZ?> =1 (2.2)

and the coefficients ; satisfy the assumption Z?io 1,0]2 < oo. The spectral density function
f), |A] < 7, of {X;} can be written as f(A) = 27)~'|¥(1)|> where ¥(1) = >0 Wje M
is the transfer function.

We denote by {n, (1), n > 1} a family of even real functions, and for integer ¢ define

T . T )
d,(t) = f T]n()»)el)‘td)u, ey,(t) =2m / nn()\)f()u)el)‘td)\,
o .
Our first objective is to obtain conditions under which the quadratic form

b/

Onx = ) dulk =DXi Xy = Qun) [ 0n ()1 (2)dA (2.3)

k,t=1 -7

of variables {X;} can be approximated by a quadratic form

n s
Onz = Z enk —0)ZiZ = (Zﬂn)/ M ()27 f () I, z (A)dA (2.4)
k,t=1 -
of i.1.d. noise {Z;}, where
_ Ry N iAj
() =5 — ;Xje , Iz () = 5 — ; Zje
are the periodograms of the sequence {X;} and of the noise {Z;}.
The approximation is based on Barlett’s [6] decomposition
L) =27 f O I, z(W) + 21) ™ Ly () (2.5)

into the main term 2w f (A) I, 7 (X) = | LP()»)lzln,Z()u) and the reminder

L3 =27 (1,0 =[G P12 (3)) (2.6)

To derive upper bounds on the order of Var(Q, x — O,.z) and E|Q, x — On.z|, we impose
the following assumptions.

Assumption 2.1. There exists d € (—1/2, 1/2) such that v/; satisfy

Yy =00, W —yial=0GT), ifd#0 2.7)

and, in addition, Zﬁo v; =0, ifd <0.
If d = 0, then there exists « > 1 such that

> il =0m™). 2.8)

j=n
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Assumption 2.2. {n,,n = 1,2, 3, ...} is a family of even real functions on [—, 7r] such that
for some —1 < B8 < 1 and a sequence of constants k;,, > 0,

)| < kalA 7P, A € [=m, 7],n = 1. 2.9)
The following approximation result is a direct consequence of Lemma 5.1.
Theorem 2.1. Suppose that Assumptions 2.1 and 2.2 hold and assume that
6:=2d+ B <1/2. (2.10)

If the noise {Z;} has finite fourth moment, then

[Var(Qy x — Qun.2)1V* = O(ru(d, 8)) (2.11)
where
kn’ l‘f d = 0’
ra(d, 8) = { kyn™*®0) if 8 #0andd # 0, (2.12)

k™0 o0y if § =0 and d # 0.

If the noise {Z;} has the finite second moment, then

E|Qn.x — Onz| = O(rn(d, 3)) (2.13)
where

_ K ifd =0,

I’n(d, 5) - {knnmax(ﬁ,d,())(l + ﬁn), Utd ?é 0 (214)

and

- logn, if(a)d=0andd <0,o0r (b)§ =dandd > 0,
"o, otherwise.

(Note that r,(d, §) < r,(d, d).)

The novelty of Theorem 2.1 lies in the sharp upper bounds in terms of § (2.10), an exponent
which reflects the interplay of the rates of growth, as A — 0, of the spectral density f(A) and
the functions 77, (1). The constants k,, coming directly from the assumption |17, ()| < k,|A| 7%,
play a secondary role, and were introduced merely to provide a convenient formulation suitable
for statistical applications, see Section 3.

To derive the CLT for the quadratic form Q, x we have to assume essentially only that
the main term Q, z dominates the approximation error. To state this assumption, introduce the
norm. In the following, for a,, b, > 0, a,, < b, means that C1b,, < a,, < C2b,, n > 1, for some
C 1s C2 > 0.

Theorem 2.2. Suppose that Assumptions 2.1 and 2.2 and condition (2.10) hold. Assume that
EZ} < oo and

rn (d7 3)
I Enl

— 0. (2.15)
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Then, as n — 00,

Var(Qy,x)/Var(Qn,z) = 1, Var(Qp,x) < || Eal|® (2.16)

and

(Var(Qn.x)) " 2(Qn.x — EQu.x) > N(0, 1). (2.17)

Proof of Theorem 2.2. Bound (2.11) and condition (2.15) imply the first relation of (2.16).
Since

n

Var(Qnz) =2 Y en(t —k)+ Var(Zg)e, (O)n, (2.18)
1 k=1:t#k

Var(Qp.z) < || Eall. (2.19)
In view of (2.16) and (2.15), the convergence

Onx —EQux Onz—EQnz J
Var(Qn N2 = (Var(Qy g2 TP = NOD (2.20)

follows from Theorem 4.2 below. [ |

Statistical applications involve the integrated periodograms
T
Th.x = / Nn(A) I, (A)dA = (znn)_lQn,X,
—7T

Tp.z =27 / W) )L z(AWdA = 2rn) 1 0, 7.

—TT

Even though these two forms are just multiples of O, x and O, z, in the remainder of this section
we formulate several results in terms of 7}, x and 7, z because such formulations are more usual
and convenient in statistics.

For ease of reference, we begin with Remark 2.1 which restates Theorem 2.1.

Remark 2.1. If Assumptions 2.1 and 2.2 and condition (2.10) hold, then
(i) if EZ} < oo, then [Var(T,. x — T.2)1"? = 0(n"'r,(d, 8)); (2.21)
(i) if EZ? < oo, then E|Ty, x — Tp.z| = O(n~'7,(d, §)). (2.22)

Corollary 2.1 focuses on conditions under which the centering constants E7,, x in the CLT
can be replaced by the more convenient and explicit constants E7;, 7z = f fﬂ Na(X) f(A)dA.

Corollary 2.1. Suppose that Assumptions 2.1 and 2.2 and condition (2.10) are satisfied.
) If EZf' < oo and (2.15) hold, then
_ d
[Var(T,, x)1™"2(Tnx = ETyx) = N(O, D). (223)
(i) If EZ} < oo and

ra(d, d)
I Enl

— 0, (2.24)
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hold, then

[Var (T, x)]~'/? (Tn,x — /

—TT

/g

a0 f (A)dk) <4 N, 1). (2.25)

(Note that i (d, 8) < k,n™>*@:3.0) 10g p.)
(i11) If (2.24) holds and either condition

T
EZ? <00 and / (M) F)dL =0 (2.26)
—TT
or condition
T
EZ*™ <00 forsomes >0 and / na(A) )AL = o(n=V2E,|) (2.27)
—T
is satisfied, then
Var(T,, x) = 1 Enll” (1 + o(1)) (2.28)
’ 2(mn)?
and
V2mn 4 d
o (Tn,x - f nnmm)dA) 4 NG, 1. (2.29)
n —TT

Proof of Corollary 2.1. Convergence (2.23) is equivalent to (2.17).
We now verify (2.25). In (6.3) of Lemma 6.1 we show that under Assumption 2.1 the spectral
density of {X,} satisfies

fO) <CIA™, rel-m 7l (2.30)

Therefore the function g, (A) = n, (1) f(A) satisfies condition (4.7) with « = §. Assumption
(2.24) implies condition (4.9) of Theorem 4.2. Since ET, 7z = ffﬂ N (A) f(A)dA, we conclude
that

T
[Var(T,.z)]~/? (Tn,z ~ / nn(k)f(k)dk) £ N, 1). (2.31)
—TT
By (2.16), it suffices to show that
n|E,| " E|T,.z — Th x| — 0. (2.32)

Since assumption (2.24) implies r,,(d, §) /|| E» || — 0, (2.32) follows from (2.22).
Part (iii) follows in a similar manner from part (iii) of Theorem 4.1. W

Relation (2.21) leads to a sharp bound on the L? norm of T,, x with the random approximation
T, .z. Corollary 2.2 establishes corresponding bounds with deterministic centering constants.
Even though these bounds are weaker, deterministic centering is required in most statistical
applications.

Corollary 2.2. Suppose that Assumptions 2.1 and 2.2 and conditions (2.10) and E Zf < 00 hold.
Then

(E|T, x — ET, x|)'? < Ck,n=1/2, (2.33)
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and

x o\ 1/2
Th.x — f nn(k)f(k)d)»> < Chkyn~1/? (2.34)

(-

where C > 0 does not depend on n and k.

Proof of Corollary 2.2. By (2.21) and (2.19)
E[Tyx — ETy x> < Cn?[r;(d. 8) + | Eql’].

By Parseval’s equality,

0 T
IELI> < Cn ) en(n) < Cn/ |7 (1) f G
t=—00 -
g
< Ck’n / IA72dr < Ck2n. (2.35)
—TT

Since r,%(d, 8) < Ck,zln, (2.33) follows. Bound (2.34) follows from (2.33), (2.22) and (2.14).
|

Remark 2.2. To lighten the notation, we assume that £Z> = 1. Theorems 2.1 and 2.2 and
Corollaries 2.1 and 2.2 remain valid, without any modification in formulation, if this assumption
is replaced by EZ? = 02 > 0.

3. Discussion of the results of Section 2

In Assumption 2.1 we impose only an upper bound on the rate of the v/}, so it holds obviously
if the coefficients v; satisfy the following stronger condition in which the asymptotic rate is
exactly specified:

Assumption 3.1. There exists d € (—1/2, 1/2) and a constant ¢ # 0 such that

i a+ o), ifd €[0,1/2),

Vi=\ei 140" and Y =0, ifde(-1/2,0).
j=0

(3.1)

If d = 0, then (2.8) holds.

Assumption 3.1 is motivated by commonly used time series models and often simplifies
technical arguments.

Assumption 3.1 and a standard argument, see Theorem 2.15 in [27], imply that the spectral
density f(X) satisfies

FO) =cA ™1 +o(1), asr— 0, (3.2)

with some ¢ > 0, whereas Assumption 2.1 implies, in general, merely f(A) = O(|r|729).

Assumption 2.2 on the Fourier transform 7, (A1) of the weights d,, (k) is weaker than the usual
conditions in that it allows the function 7, to depend on n. Such a relaxation is needed in a
number of statistical problems including semiparametric and kernel estimation.
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If a parametric model is correctly specified, the asymptotic normality with rate n!/? can be
derived using an appropriate CLT for a quadratic form in which n does not depend on n. In
practice, however, a model can rarely be correctly specified and it must be fitted to the data before
estimation. The fitting procedure will typically yield a different model for different values of n.
The function 7, will then depend on n though an “order parameter” and the rate of convergence
of relevant statistics will be slower than n!/2. For example, if an autoregressive model of order
p 1s fitted, the asymptotic theory requires that p = p, be a function of n. Spectral estimators
then converge at the rate (n/ pn)l/ 2 see e.g. [7,9]. At the end of this section we include a more
detailed example related to spectral density estimation.

Connections between approximation results similar to those in Theorem 2.1 and asymptotic
inference for time series go back to the work of [18] and [17]. They have been instrumental in
establishing asymptotic properties of linear processes and rely on the identity

/4

Onx — Onz=n / L ()0 (). (33)

—7T
Relying on earlier results, [10], Proposition 10.8.5 on p. 387, show that for an invertible causal
ARMA process {X;} and any continuous even function n(1) on [—m, 7],

E|Qnx — Qnz|l =nE

b4
/ Ln(k)n(k)dk‘ =o(n'/?). (3.4)
—7T

Relation (3.4) is used to establish the asymptotic normality of several estimators of the
parameters of ARMA processes. This approach was extended to more general parametric models
by Mikosch et al. [25], Kokoszka and Taqqu [22,23] and Kokoszka and Mikosch [21]. All these
papers assume that the function 1 (A) does not depend on 7.

To compare our bounds and their consequences to these earlier results, suppose first that { X}
is a linear process with bounded spectral density, e.g. an ARMA process. In this case d = 0 and
assuming that the functions 7, are bounded, i.e. k, = K, 8 = 0, (2.13) implies

E|Qnx — On.z|l = O(1), (3.5

which is a much sharper bound than (3.4). Moreover, approximation (3.5) implies that Q, x
satisfies the CLT as long as Var(Q,, x) — 0o, with no restriction on the variance order. Previous
research for linear processes, see [14] and references therein, established the CLT assuming that
Var(Q, x) ~ Cn and n,(A) = n(1) does not depend on n.

Bound (3.5) also hold for d # 0 provided EZf <ooand k, = K, B < —2d, see (2.12).
Another important case, relevant to the inference for long memory processes, is d > 0 and
k, = K, B = —2d + &, where ¢ > 0 is arbitrarily small, see [12] and [11]. The right-hand side
of (3.5) is then O(n®) if EZf < oo and O (n?) if only the second moment Eth < o0 is finite.
Since d < 1/2, both bounds improve the previous bound o(n'/?).

We also note that the existing research on the convergence of quadratic forms essentially
covers two cases: (1) the X; have at least finite fourth moment, (2) the X, are in the domain of
attraction of an infinite variance stable law. As far as we know, no results are available if the X;
have infinite fourth moment but finite second moment. The latter case is of both theoretical and
practical importance, see e.g. [2,20]. Part (ii) of Corollary 2.1 fills this gap. It shows that for the
validity of CLT the finite fourth moment is not needed when the diagonal of E, vanishes or its
Euclidean norm is dominated by || E}, ||.

We conclude this section by illustrating how our theory can strengthen important results in
spectral analysis of time series. To focus attention and limit the exposition, assume that {X;}
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is a linear short memory sequence which satisfies Assumption 2.1 with d = 0 and that we
are interested in estimating its spectral density at the zero frequency. We estimate f(0) by the
estimator

70) = / 1n O I O
where

2
(L) = Qrg)™!

q ..
>
j=1

is the Fejér kernel. The estimator f(O) is the classical lag window estimator with the Bartlett
window (see e.g. [10] pp. 354-362). The bandwidth ¢ is the maximum autocovariance lag used
in the estimation and to ensure consistency, it must be assumed that ¢ = ¢, (and so n,) is a
function of the sample size n such that

q — oo, g =o0(n), asn — oo.

Existing results, see e.g. [3], Theorem 9.4.1, show that (n/q)'/ 2(]/‘\(0) — F f(O)) converges
to a mean zero normal distribution. These results are derived assuming that X, has at least finite
fourth moment. Centering by E f(O) 1s not convenient in practice because this quantity cannot
be computed explicitly, making the analysis of bias difficult.

We will show that our results directly imply that the asymptotic normality holds if only 2 + §
moments are assumed and that a simple deterministic centering is possible which leads to an
asymptotic upper bound on the bias.

Assume that f is continuous on [—, 7] and that

f) = f(0)+00%, asi—0. (3.6)

Since |n,(A)| < Cgq, |A| < =, then n,(A) satisfies Assumption 2.2 with k, = Cq and 8 = 0.
Moreover, sinced = 0,5 =2d + 8 = 0.

To derive the asymptotic distribution of f(O) we use (2.29) of Corollary 2.1. Since f is
continuous,

T

2
f mn (L) FO)dA = (2nq)—1/ F(M)AL = f(0), asn — oo. (3.7)

—TT —TT

q ..
>
Jj=1

On the other hand, it is straightforward to check that

n T n ) 2
IE 1> = ) ent —h) = / D I, (0) £ )N () f (y)dxdy
t k=1 - |j=1
~ qn(8/3)m* f (0)?, (3.8)

see e.g. Proposition A.1 of [1]. Since n™'/2||E,,|| ~ ¢q'/?> — oo and (3.7) holds, condition (2.27)
of Corollary 2.1 is satisfied. Therefore (2.29) implies that if £ Z,2+8 < oo for some § > 0, then

(n/q)/? (f«)) - /

-7

T

d 4 2
nn(x)f(x)dx) — N (0, gf (0)> : (3.9)
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We note that relation (3.9) does not follow from any existing CLT’s for quadratic forms of linear
processes because it involves rate of convergence different than /n and the function 17, which
depends on n.

Condition (3.6), see Proposition A.2 in [1], leads to the following upper bound on the bias:

/ M () f(x)dx — £(0) = O(g™ ).

4. CLT for quadratic forms of i.i.d. random variables

To study the asymptotic behavior of the main term Q, 7, we need a CLT for quadratic forms
in i.i.d. variables Z; with non-zero diagonal elements. For ease of reference, we state here two
results established in [8].

Consider the general quadratic form

n

To= Y anuZiZi
t,k=1

where the a,.;; are entries of a real symmetric matrix A, = (an:sk)r.k=1,...n- Denote by
ALl = O F ey aﬁ.tk)l/2 the Euclidean norm and by [|A, |ls = max =1 [|A,x]| the spectral
norm of the matrix A,.

Theorem 4.1. Assume that

[ Anllsp
[ Anll

() If EZ;t < o0, then

— 0. 4.1

(Var(T,))"V%(T, — ET,) % N, 1). 4.2)
(ii) If
EZ,2<oo and a,zl;”:0, t=1,...,n, 4.3)
or
n
EZ?Y < 0o (forsome 8 > 0) and E:ﬁmzomMWy (4.4)
t=1
then

1 d
—(I,, — ET,,) = N(O, 1). 4.5)
V2| Al

Next we consider the case when A, is a Toeplitz matrix with entries

T[ .
CM%:/ =g (x)dx, t,k=1,...,n, (4.6)
—7IT

where g, (x), |x| < 7 is an even real function. Then || A, |5, in (4.1) can be evaluated in terms of
the function g, (x).
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Theorem 4.2. Let A, be a Toeplitz matrix with entries ay.;x given by (4.6). Assume that there
exist 0 < o < 1 such that uniformly in |A| < m,

lgn | < knlA]™%, n>1. 4.7)
(1) Then
”An”sp < Ckyn® n=>1. (4.8)

(i1) Moreover, if

k,n®

[ Anll

— 0 4.9)

and E Zf < 00 then the quadratic form T, satisfies the CLT (4.2), whereas if Z; and a,.;; satisfy
either (4.3) or (4.4) then the CLT (4.5) holds.

5. Approximation lemma

In this section we derive the approximation Lemma 5.1 which is equivalent to Theorem 2.1.
The functions r,(d, §) and r,,(d, §) are defined in (2.12) and (2.14), respectively.

Lemma 5.1. Assume that the observations X; follow (2.1) and (2.2). Suppose that
Assumptions 2.1 and 2.2 are satisfied and (2.10) holds.

Then, the remainder term L, ()\) in decomposition (2.5) satisfies

- o\ 172
(E' (Ln(A) — ELp(A))nn(A)dA ) =0 'r,(d, 9)), (5.1

ifEZf' < 00, and

E Vﬂ Ln(k)nn(k)dk‘ =0m 7, 9)), (5.2)

if EZ? < oo.
First we prove the following lemma.

Lemma 5.2. Let |d| < 1/2 and |B| < 1.
D) If14+2d+2B <0, thend =2d + B < 0 and there exists 1 > B’ > B such that

14+2d+28">0 and § =2d+ B <0O. (5.3)
() Ifd <O0andd + B <0, then § = 2d + B < 0 and there exists 1 > ' > B such that
d+pB >0, 14+2d+28 >0 and § =2d+p <O. (5.4)
In the cases (1) and (i),

ra(d,8) =r,(d, 8, ra(d, 8) =ry(d, 8.
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Proof of Lemma 5.2. (i) Note that 1 +2d +28 = 1425 —2d < O implies that § < —1/2 —d
and § < Obecaused < 1/2. Then B’ = —1/2—d + € with sufficiently small € > 0 has properties
B<B <1,14+2d+28 =2¢>0and8 =2d + B8 =—-1/2+d+¢€ <0.

(i) Ifd <Oandd + B < 0then§ = 2d + B < 0. Therefore B’ = —d + € with sufficiently
small € > O has properties 8 < B/ <1, d+ B =€ >0andé§ =2d+ B =d+e¢<0. N

Proof of Lemma 5.1. Proof of (5.1). In view of Lemma 5.2 we assume in the proof that
14+2d+28>0 (5.5)
and
d+B>0 ifd <0, (5.6)

otherwise Assumption 2.2 can be weakened replacing 8 by 8/ > B, without affecting bound
(5.1) of Lemma 5.1. We split the proof into two cases d # 0 and d = 0.
(1) Consider first the case d # 0, |d| < 1/2. Denote by

1 & " 1 n .
— aTIAj — aTIAj
wy(A) = )12 jEZl Xje 7, wz (L) = ) 2 jEZI Zje

the discrete Fourier transforms of the sequences Xy and Z; and set

A2 = Qan)'? (wx (W) — T)wz (L)
00 n—j n
= yje ( Y Zie M-y Zke_i)‘k> . (5.7)
j=0 k=1— k=1

Then the remainder term L, (A) = 27 (1,(A) — | ¥ (e*)|*1,,z())) in (2.5) can be written as

L, =n"" [mn(x)ﬁ + 2R (An()\) W (1) (Z z,ei”)ﬂ . (5.8)

=1

It follows from (5.7) that A, (1) can be represented as a linear process

ARy = ) e AW Zi — en(3) Y e M7 (5.9)
k=—00 k=1
where
Z Yie M, fork <0,
de(1) = 7=

—k
n . .
— Z 1//je_1“, forl <k<n
j=n—k+1

and
0 . .
()= Y e
j=n+1

By assumption (2.7), for k < 0, [di (M) < Cn(1 + kD9, s0 Y0___ |di(M)[> < oo, and

therefore the linear process (5.9) is well defined for any fixed n.

—00
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We now introduce the following coefficients:

va(k, 1) = f ’ e TR g (W dy (W) [na (W) [d A,

—TT

Bulk, 1) = / i e G (B T (W) ma (R)d,

-7

.7-[ .
(k) = f e M e, VP . (M)A,

—TT

ek, 1) = / ' el =% e ) T ()N, (AV)dA.

-7

Set

Y, =f |2 () Imn ()2

-
and write
T n .
/ An ()T () (Z Zze“l) (A =t Va1 — Vi,
- I=1
where

Vol = / ' ( e—i“‘dk(x)zk) (Z Ztei“) W ()N, (A)dA
T \k=—o00 =1
= Y. D BukDZZ,

k=—o00 t=1

2
b n . n n
V= [ ez aremm =3 k0 zz.
—T k=1 k=1 t=1
Thus we can estimate:
T 2
E ‘ (Lp(A) — EL, (X)), (A)dA
—7T

< Cn 2(E|Y, >+ E|Va1 — EVa 11> 4+ E|Vao — EVi2l?).
To prove (5.1) it suffices to show that
E|Y,]* = 0(r;(d. )
and
EVai— EVyil> = 0(rp(d.8)), i=1,2.

Observing that

2 2

0
+ Y ez

k=—n+1

—n
> e M)z

k=—o00

1A,(M)? < C

83

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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+ 2o e Ze| + [en() Y ez
k=1 k=1
we obtain
0 n
0<Y, < C( D ke DZZi+ Y vnk.DZiZy
k,t=—n+1 k,t=1
—n n
+ > k. DZZi+ Y unac,r)Zkz,) :
k,t=—00 k=1
Hence,
n n
EY, <C ( > vk k) + Zun(k,k)> —=: Cmy,. (5.20)
k=—00 k=1
Applying elementary estimate
2
E( > atk.t)(ZiZi - E[zkzm) <C Y latk, ) (5.21)
keK,teT keK,teT

where C does not depend on K, T and a(k, t), we obtain

—n

0 n n
c( Yoo+ Y v+ > vt )+ Y pak, r)+mﬁ>

k,t=—n+1 k,t=1 k,t=—00 k,t=1

EY?

[A

= C (s,gl) + s,gz) + s,?) + s,g4) + m%) . (5.22)
In addition we shall bound

0 2 n 2 _n 2
m) < C ( > vnac,k)) +<Zvn<k,k>) +( > vnac,k))
k=1

k=—n+1 k=—00

n 2
+ (Z fan (k, k)) = CP +v® + v @), (5.23)
k=1

Thus (5.18) follows if we show that
v =002d.8), s =002d,s), i=1,...,4 (5.24)

Letd > 0. By bound (6.7) of Lemma 6.3 below we have that |v, (k, )|*> < Ck2[k|3 ' T2 |¢] 71T,
and therefore

0
sV =kl > kP = 003, 9)),
k,t=—n+1
0 2
vV <C (kn > IkIIH‘S) = 0(r,(d, 9)),
k=—n+1

to prove (5.24) fori = 1.
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The proof of (5.24) for s,(,i), and v,(f), i = 2 and i = 4 follows in a similar fashion using the
bounds (6.7) and (6.8) of Lemma 6.3 below.

To estimate 5,53), and v,53) we use bound (6.7.3) of Lemma 6.3 which yields

—n
s@ < k2 Z p204B) |20 =) || =20 =)

k,t=—00

O (k2n* 2Py = 0 (k2n*) = 0(r?(d, 8))

whereas

2
—n
WP < (kn > n1+‘6|k|_2+2d) = 0(k*n®) = 0(r*(d, 9)).

k=—o00

In the case —1/2 < d < 0 proof of (5.24) follows exactly the same line as for d > 0, using
estimates (6.7) and (6.8) of Lemma 6.3.
It remains to show (5.19). We start with the case i = 1. By (5.21),

n

EWVai—EVail? < > qu(k), (5.25)
k=—00
where
n
gn(k) = |Batk, D). (5.26)
=1
By Parseval’s equality and definition (5.11) of 8, (k, t) it follows that for any fixed k,
o0 b/
ank) < Y Btk ))* =C / i (1) ¥ (W) (1) [Pdi, (5.27)
t=—00 -

where C > 0 does not depend on k.
Let d > 0. By (6.19) of Lemma 6.4, we have that ¢,(k) = O(2k[Z~ ") if k < 0,
gn(k) = O(K2|n — k 4+ 11271 if 1 < k < n. Therefore

n 0 n
> qulk) < Ck, ( Yo P+ Im—k+ 1|25—1) = 0(r;(d.,5)).
k=1

k=—n+1 k=—n+1
On the other hand, using bound (6.18) of Lemma 6.4, it follows that
—n

—n
Y @l = Chy Y n' PERRPED < Clgn® = 07 (d. 8)),
k=—00 k=—00
to complete the proof of (5.19) in the case d > 0.
If —1/2 < d < 0, then proof of (5.19) fori = 1 follows the same lines as for d > 0 using

estimates (6.18) and (6.19) of Lemma 6.4.
Finally we show (5.19) for i = 2. By (5.21),

n n
ElVap—EVaa? <C > > lealk, )]

k=—00 t=1
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Then, as above in the case i = 1, by Parseval’s equality and definition (5.13) of ¢, (k, t) we obtain

2k) =Y 1 D> < ) Gk, D) (5.28)
=1 t=—00
<C / " len ) PP (5.29)

where C > 0 does not depend on k. In the case d # 0 by (6.20) of Lemma 6.4, z,(k) =
O(k,%nz‘s_l), uniformly in 1 < k < n. Therefore

n
E|Vao— EVaol? <) zak) < Chkon® = 0(r2(d, 8)), (5.30)
k=1

to prove (5.19).
(11) Assume now that d = 0. By (5.22), we obtain that

0 n n
E|Y,|* < c{ Dk OP + Y vk P + Y Ik, ”'2}
k,t=—00 k,t=1 k,t=1
0 2 n 2 n 2
- (Z |vn<k,k>|> +(Z|vn<k,k>|) +(Z|un<k,k>|> = 0(k;)
k=—00 k=1 k=1

since by Lemma 6.3, |v,(k, )| < Ckulk|;*[t|* if k,t < 0; |vu(k,1)| < Cknln — k +
1™ %n—t+11"if |l <k, t <n,and |u,(k,1)| < Cky|n|~2® where a > 1.
On the other hand, by (5.25) and (5.30),

n
ElVai —EVa1? <C ) qulk) = Ok,

k=—00

n
E\Vaa = EVaol* < C Y zalk) = O(ky)
k=1

since by Lemma 6.4 below, g,(k) = O(K2|k|72%) if k < 0; g4 (k) = O(k2|n — k + 1|72%) if
1 <k <nandz,(k) = O(k2n=2%)if 1 <k <n;witha > 1.

These bounds together with (5.17) imply (5.1) in the case d = 0.

Proof of (5.2). We now assume only E ij. < 00. Similarly to bound (5.17), we have

E < Cn Y E|Yul + E|Va1| + E|Vi2). (5.31)

/ " L Gom (dA

-7

It thus suffices to show that
E|Y,| = O(r,(d, §)); E|V,il = 0(@r,d,é)), i=1,2. (5.32)

Estimates (5.20), (5.23) and (5.24) imply that E|Y,| < Cm, = O(r,(d, §)), and therefore Y,
satisfies (5.32), since r,(d, §) = O(r,(d, 9)).
Write
n n n
Var= D > Bl DZiZi+ Y Balk 0 ZiZi =V, + V7
k=—o0 t=1:t#k k=1
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and

n

n n
Vaz = ok, D ZkZe + Y tak, K ZkZi = V) + V3.
k=1t=1:t#k k=1

Then
1 2
E\Vail < EIV) |+ EIVS3)

where under finite second moment £ ij < 00,
1/2
e < (evP) " < ( S 1Btk ) — 0(ra(d. 8))
k=—oo t=1:t#k

as we have showed above estimating (5.25). On the other hand, it is easy to check that E| Vn(zl) | <

C Y f_y 1Bu(k, k)| = O(Fn(d, 8)) using the bound (6.9) of (k. k). Thus V") satisfies (5.32).
The proof for V,, > follows the same lines, but uses bound (6.10). N

6. Auxiliary lemmas

Lemma 6.1. If the coefficients v; satisfy Assumption 2.1, then there is a constant C such that
for any non-negative integers ny, n, uniformly in |A| < m,

et <cn{TNAT ifldl < 1/2andd #0 (6.1)
Jj=ni
and
wi| 2o M7 0<d<1/2 62
;}lwe {nl, if —1/2<d <0. ©.2)
Moreover
[y < CIA=Y, forld] < 1/2. (6.3)
Proof of Lemma 6.1. Note that (25;1 ei”( = [GEDI - Cpo |~ uniformly in k > 1. Let

—1/2 <d < 1/2,d # 0. Then, using summation by parts,

ny—1 J n2
iAl iAl
vaj < D W= vial | M 1Yl D¢
j=ni j=ni I=ny I=n,
ny—1
<Y P end T < end TN
Jj=ni

by Assumption 2.1, to prove (6.1).
To show (6.2) we consider first the case 0 < d < 1/2. Set ng = x|~
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If ny < no < ny, then

Zw, Zw/

j=n Jj=no

Z‘/’J

_nl

<cnd ATty C Z jTH < end AT 4+ ond < i

_nl

We have used above (6.1) to estimate the first sum and assumption y; ~ Cj —I+d g estimate the
second one.

If ng = |A|~' < ny, thenny|r| > 1 and using (6.1), we obtain

iz

<cnd A < e < e

_l’l]

Ifng = |A|7" > na, then | 3272, yrye™i| <C Y02 ) ji < cnd < cin.

Assume now that —1/2 < d < 0. Then | Z w] ehi| < CZJ —ny J joIH < Cn

Finally, to show (6.3), note that in the case d > 0 (6.3) follows from (6.1), whereas for
d = 0 we have that [ (A)] < Z?io Y| < oo by (2.8). If d < O then ¢; = O(j~*" 1) with
a = —d > 0, by (2.7). It is well known that in this case function ¥ (1) = Z?io v je_w satisfies
Lipschitz condition of order a, i.e. [Y(1) — ¥y (X)) < C|r — A/|%, see [5], p. 210. Since by
Assumption 2.1 we have that ¢/ (0) = Z?O:o Y; = 0, this implies (6.3). W

Lemma 6.2. If the coefficients v satisfy Assumption 2.1, then there is a constant C such that
for any non-negative integers ny, n»

4 d<1+|nlx|> =D ifo<d<1)2
Z yie*| < C n1(1—|—|n1kl) if —1/2 <d <0 (6.4)
j=ni ny® if d =0.

Proof of Lemma 6.2. Consider first d > 0. In view of Lemma 6.1, it suffices to show that
AT+ )™ > (1/2) min@m{ A AT,

This holds, because for [An1| > 1, |A|~¢(1+|niA) =D > |a|=nga|~0=D 2 = n?= 15712
and for |Ani| < 1, X741 + |nA)~9=D > |a|=4 /2.
Suppose now that d < 0. Then, in view of Lemma 6.1, it suffices to show that

n{(1+ 2D~ = (1/2) minn{ "2 7", nf).
This holds, because for [An1] > 1, nd(1 + [niA)™" > n¢@2ma)~" = n971A|7!/2 and for
il < 1L+ i) ~" = nd/2.

In the case d = 0, | i, Vje M| < Z?":nl |¥j| < Cn® by Assumption 2.1 to prove (6.4).
|
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Corollary 6.1. Under Assumption 2.1,

AT+ Lkl A=, if k<Oandd > 0,
kI + Kl if k<Oandd <0,

A < C |A|_d(1+(Z—k+1)|k|)_(1_d), 1 if 1 <k<nandd >0, 65)
m—k+DA+m—-k+DIA]) ", fl<k<nandd <0,
k|77, ifk <0andd =0,
n—k+1)7¢, ifl<k<nandd =0

and

A A+na)™ D, ifd >0,

lea(W)] < C 3 n?(1 +nla))~, if d <0, (6.6)
n, if d = 0.

Lemma 6.3. Suppose that assumptions of Theorem 2.1 are satisfied and (5.5) and (5.6) hold.
Then the following bounds are valid uniformly int, k:

[vn(k, 1)
6.7.1) k|07 D2 11 072 if k,t <Oandd # 0,
6.72) (n—k+ D D20 —r 4 1D@ED2 i1 <kt <nandd #0,
6.7.3) n' A k|4 74! if k,t <—nandd >0
< Chy { ¢ : s © (6.7
6.7.4) n' TP k)49 Pl @2 092 if ke < —nand d < 0, (©7
(6.7.5) [k|31¢13%, if k,t <0andd =0,
6.7.6) (n —k+ 1) %(n —t4+1)7%, if 1 <k,t<nandd =0,
26—1
n , fork <mandd # 0,
[ (K, 1)] {n 2o fork <nandd =0, 6.8)
(n—k+1)°71, ifl<k<nandd <0,
k1T, if k <0andd <0,
1Butk, )| < Cky { (n — k4 D)M>XCD=1 il <k <n §£dandd > 0, (6.9)
mn—k+1)%logk, ifl<k<n,8=dandd >0,
nm—k+17¢, ifl<k<nands=0.
and
n‘s_l, ifl<k<nandd <0,
max(B,d)—l . 8 d dd 0
Gulk, 0] < Chy |, o Fdandd >0, (6.10)
n° ‘logn, ifé=dandd >0,
n_ ¢, if 8§ =0.

Proof of Lemma 6.3. Proof of (6.7). We first establish (6.7.1) assuming d € (0, 1/2). Using
Corollary 6.1, we obtain

jdk ()] < CIAITA (L A+ [kl 1A~
which together with Assumption 2.2 and definition § = B8 + 2d implies that

4 |A| =4 |A| =4
|ww¢nscmf

Al 7PdA
—x (L k4 A= (1 + ItlJrl?»I)l“’| |
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T |)»|_8 1/2 P w_(g 1/2
<u (| )" (] )
( e (L4 [k[|AD?>72d e (L4 [e] A2

§—1)/2 5—1)/2
< Cha k|21 9707,

Noting that § +2 — 2d =2 + B > 1, because |B| < 1 and observing that 2 — 2d > 1 because

|d| < 1/2, the last bound follows using the estimate

T |)\‘|—(X1 a1 (0] |u|—a1 a1
f — dx <np¥1m* f ———du < Cnp%1727 1,
—z (1 +[nA)*2 —oo (1 + [u])*2

where a1 > 0, a2 < 1, a1 + ap > 1, which follows on setting u = naA.
Next we show (6.7.1) in the case d € (—1/2, 0). By the same arguments,

A ~Pda

” k|4 |4
v (k, 1)] < Cknf + +
o (L [k IAD (14 (k| ]AD

1/2 1/2
bid k2d A —B T ZZd A -B
kan/ KRR, / MR
ECIENTIN) o (U (K 12D
6—1)/2 §—1)/2
< Cll™ 2§70,

Proof of (6.7.2) follows using the same argument as above.
To show (6.7.3) in the case 0 < d < 1/2, write |v,(k, t)| < I} + 1>, where

I :/m / |die (M) )|, (M) |dA, 12=/ |dik M)y (X)) |1, (A)|dA.

/n=ZIA<w

Since for k < —n,

=~

n—

n—k
e < Y Iyl =C Y 1T < Cnlkd

j=1—k j=1—k

Assumption 2.2 implies that
w/n
I < Ckn/ nlk|*=n)e) 41" Pda
0
< Chan? |k 01 o /) PHY < Chenlk|? |7 0P
Similarly, by (6.1),

JT T
L < Cf k| P < C|k|d—1|r|d—1f A2 Aaa
w/n w/n

< Clkld_1|t|d_ln1+'3-

(6.11)

(6.12)

(6.13)

(6.14)

To show (6.7.4) for —1/2 < d < 0 and t, k < —n, estimation of I, is the same as in the
verification of (6.13). It gives the bound |I»| < n'™#|k|?=1|¢|¢~!. Estimation of I; is different

and it gives the bound |I{| < n® |k|4=1/2|¢19=1/2 To derive it, we use the bound

n—k n—k 1/2
di@)] < Y |w,-|5n1/2( > w})

j=—k+1 j=—k+1
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n—k 172
< cn'? < Z |j|2d—2) < Cn' 24172 6.15)
j=—k+1

and a similar argument as in the verification of (6.7.2).
To show (6.7.5) and (6.7.6) for d = 0 note that assumption (2.8) on ¥/; implies that

di(M)] < ClkIL*, Kk <0; ldk (M) < Cln—k+ 1%, 1<k=<n.

These bounds together with definition (5.10) of v, (k, ¢) imply (6.7.5) and (6.7.6).

Proof of (6.8). Since |un(k, 1)| < Cky [ |c,(1)|*|A|7PdA bound (6.8) can be established
similarly as bound (6.7.1) applying to ¢, (A) bound (6.6).

Proof of (6.9). Note that by (2.30),

v < Cf20) <Clu™, rel-m, 7l (6.16)
If d <0, then for 1 < k < n using (6.16), Assumption 2.2 and (6.4), we obtain

T T

|di (M) U (W), (M)]dr < Chy, f |di )|~

—TT

Bulk, 1)] < /

—TT

b4 |)\‘|—d—,8

< Ckyln —k+ 14
< Chaln +'/_ﬁl+|n—k+1||k|

< Chkyln —k + 112471 = Ckyln — k + 1°71, (6.17)

using (6.11) and noting thatd + 8 =8 —d < land 1 +d + B > 1 by (5.6).
Ifd < 0and k <0, then (6.9) follows by the same argument as above using (6.5).
If d > 0, then by (6.4),

|Bn(k,t)| < Ck /n Ml_zd_ﬂ da
)| = )
" ") (L4 n =k 1A

Then, if § > d applying (6.11), we obtain

s [0 A7 5—1
|Bu(k, )| < Ckuln — k + 1 di < Ckpln —k +1°71,

—oo (142D

whereas if § < d, then

s
Bk, 1)) < Choln— k + 1|—1+d/ AT CDdn < Choln — k + 1197,

—7T
and finally, for § = d,

wk |)\,|d

Bulk. )] < Chyln — k + 1|5—1/ dh < Chaln —k + 17 logk,

—ak (14 APt
to prove (6.9).
If d = O0then |dy (V)| < Cln —k +1]7%,1 <k <nand

s
Ba(k. ) = Chaln = k+ 115 [ 370d < Chyln =k 1157
—JT
becaused + 8 =8 —d < 1, to prove (6.9).

Proof of (6.10). Using bound (6.6) on ¢, (1), the proof of (6.10) is the same as the proof of
(6.9. N
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Lemma 6.4. Suppose the assumptions of Lemma 6.3 hold. The following bounds hold uniformly
ink < nandn > 1 for the quantities g, (k) (5.26) and z,,(k) (5.28):

|k|_2+2dn1_2d+25, lfk < -n and d > 0’
k| =2 n, ifk<—-nandd <0,
k) < Ck2 6.18
an(k) = Clhi 3 k| 72 if k<0andd =0, (©.18)
In—k+ 1|7 ifl<k<nandd =0,
k|21, fork <0andd > 0,
k121 fork <0andd <0, —d < 1/2,
Sn(k), fork <0andd < 0,6 —d > 1/2,
k) < Ck? 6.19
k) = Ck Y k4 1121, forl <k <nandd > 0, ©.19)
mn—k+1%"", foril<k<nandd <0,§ —d < 1/2,
Sp(n +1—k), forl <k <nandd <0, —d >1/2
where
8n(k) — |k|3_dn_1+25_2d + |k|3__1n28_6
with some € € (0, 1), and
256—1 .
l1<k<nandd #0
k< ck2 " flsks \ 6.20
(k) < ”{n—%‘ ifl<k<nandd=0. (620)

Proof of Lemma 6.4. Proof of (6.18). Letd > 0 and k < 0. From definition (5.27) of g, (k),
together with Assumption 2.2 and (6.16), it follows that

T
qgn(k) < Ck; f |k W) PA| 722 = Ck2 (I + o) (6.21)
—TT
where
Ji= / A, = / di ()23~ da.
IAl<1/n 1/n<|A|<m
In case d > 0, using the estimate (6.12) and observing that 2d + 28 = 2§ — 2d < 1, we obtain
B AI<1/n B

Next, using bound (6.1) of Lemma 6.1 we see that

J2 < C|k|—2(1—d)/ |)\.|_2_2d_2’3d)\. < C|k|—2+2dnl—2d+28
B 1/n<lil<n B
noticing that 1 4+ 2d + 28 =14 26 — 2d > 0, by assumption (5.5).
To prove (6.18) ford < 0 and k < 0, we bound |8, (k, )| < Cky k|1 by estimate (6.9),
which yields

n

gn(k) < C Y |Buk. O < Chplk|¥ 0.

=1
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If d = 0, then by Corollary 6.1, |dx(A)| < C|k|;* for k < 0, which implies that

T
gn(k) < Ck,3|k|—2°‘/ A "2da < Ck3 k|~

—TT
since d = 0 and therefore 28 = 26 < 1. In the case 1 < k < n the proof of (6.18) is similar.
This completes the proof of (6.18).
Proof of (6.19). We shall prove (6.19) only in the case k < 0 since for 1 < k < n the proof
follows using the same argument.
Assume that d > 0. Then estimating di (1) by (6.4) of Lemma 6.2 we obtain that

b4 |)\.|_4d_2ﬂ

b4 —26
4|
k<Ck2/ dA<Ck2/
qn(k) < n | k|A20=D =0 (1 + k| [A )20

< Ck2|k|?! ” 2> dr < Clk|*! (6.22)
- —oo (1 A2 = |

by (6.11), since 26 < 1 and 2 —2d + 26 > 1, because 1 —2d + 25 = 1+ 2d + 28 > O by
assumption (5.5).
Assume that d < 0 and § — d < 1/2. Then estimating di () by (6.4) we obtain

T |k|3—d|)\|_2d_25

L (k Csz
w®)=Ch | e

o0 |)\‘|—2d—2ﬂ

< Ck2||k+|4d+2ﬁ—l/ da < Ck’%lk|25—1

—oo (141212

by (6.11), since 2d + 28 =2(6 —d) < 1 and 2 + 2d + 28 > 1, by assumption (5.5).
Assume that d < 0 and 2§ — 2d > 1. Since |2d| < 1 this implies that 26 > 0 and therefore
there exists € > 0 such that

26—€>0, 2d—e>—1. (6.23)

Then we can write B, (k, t) as

Bulk,t) = f i e TR G (W W, (R)dr = B (k, 1) + B (k, 1) (6.24)
where
Bk, 1) = / Loldh BrGkn = / 12,
[AM=1/n 1/n<|A|<m
Hence
gn (k) <2 (Z 1By (k. 1>+ ) 1Bk, z)|2) :
t=1 t=1
By (6.2),
1B, (k, )| < / |k (1) ¥ (M) () A < Cha K| f AP
[Al<1/n [A<1/n

< Cknlklin—l+d+ﬂ
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sinced + B = § —d < 1. Therefore,

n
> 1By k)P < CR2n™ PR P = 21+ g2
t=1

On the other hand, applying Parseval’s equality and then (6.4), similarly as in (5.27) we obtain

n
Sigrwnr=c [ A (3) © Gy G0 2
p 1/n<|i|<nm
1
< Ck,%|k|2+df 27 da
1n<irl<z (1 + [k [IA])

Let € > 0 satisfies (6.23). Since 2d + 28 = 25 — 2d, we can estimate |A|_2‘3+6 < n%%—¢ when
|A| > 1/n. Thus

|ﬁ+(k t)|2 < Ck2|k|2d 26— 6/ d
Z o<pn<n (1 + lky|[A])?

by (6.11), since —2d + € < 1 and 2 — 2d 4+ € > 1. Thus

gn(k) < C (Z By k. OF + Y 1B (k, r>|2>
t=1

t=1

KZd—G

< Ckz(lklzd —14+25—-2d 4 |k|i—1n28—6) = C8n(k),

to prove (6.19).
Proof of (6.20). Assume that d > 0. Then from definition (5.29) using Assumption 2.1 and
(6.16) it follows that

v

zn(k) < Ck;, f len (WP |2 724 P an., (6.25)
—7T

Since by (6.4), [c,(M)| < |A|74(1 + n|A])~* then the estimate (6.20) follows using the same

argument as in (6.22).

Let d < 0. Then by (6.4) |c,(A)| < n~4(1 + n|r|)~!. Therefore by the argument used in
estimating B, (k, t) in (6.24), it follows that z, (k) < Y1 [¢.(k,)|> < Ck2n®~!, to prove
(6.20).

If d = 0, then by (6.4), |c,(A)] < n~%. Then the bound z,(k) < Ck2n=2* follows from
(6.25), noting that in the case d = 0, 26 = 2 < 1, to complete the proof of (6.20). N
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